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Abstract

State-of-the-art model-based reinforcement learning methods train policies on
imagined rollouts. These rollouts are trajectories generated by a learned dynamics
model and are scored by a learned reward model, but without querying the true
environment during policy updates. We study this training paradigm by quantifying
how errors in learned dynamics and reward models affect returns and policy opti-
mization. First, we extend the analysis of|Asadi et al.|[2018b] to MDPs with learned
reward models, and derive the optimal sample allocation—the ratio of dynamics
samples to reward samples that minimizes a bound on return error under power-law
scaling assumptions. We identify lower Lipschitz constants of the learned dynam-
ics, reward, and policy as a representation desideratum that tightens this bound, and
we connect this perspective to the temporal-straightening objective of Wang et al.
[2026]. Second, we examine how policy optimization with REINFORCE tolerates
noisy rewards, which are often cheaper to obtain. We show that zero-mean reward
noise leaves the gradient estimator unbiased and adds at most a variance term that
decreases with the number of rollouts. This introduces a practical tradeoff: given a
fixed budget, should one buy more rollouts with cheaper but noisier rewards, or
fewer rollouts with more expensive but less noisy rewards? We reduce this choice
to a one-dimensional optimization problem and characterize the optimum.

1 Introduction

In training in imagination, the policy is trained on rollouts generated by a learned dynamics model
and scored by a learned reward model, with no environment interaction during the policy update step
itself. Recent state-of-the-art instantiations include Dreamer 3 [[Hafner et al., | 2025a]], trained across
diverse control tasks with a single configuration, and Dreamer 4 [Hafner et al.,2025b]], which extends
the paradigm to long-horizon offline control. [Schrittwieser et al.| [2020] earlier instantiate a closely
related paradigm in board games and Atari, learning dynamics, reward, and value jointly.

These recent results provide strong empirical evidence that training in imagination can be effective on
challenging control tasks. Existing simulation-lemma-style bounds [Kearns and Singh, [2002, |Asadi
et al., [2018b], however, do not assign independently controllable coefficients to dynamics-model and
reward-model error, nor do they say how a sample budget should be split between dynamics samples
and the typically more expensive reward samples (e.g., human preference labels in reinforcement
learning from human feedback, or expert evaluation in robotics). The optimal trade-off between the
two has not been theoretically characterized.

Four questions about this paradigm remain open. The first is error attribution: how much of the return
gap comes from dynamics-model error versus reward-model error? The second is representation
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properties: what properties of the learned representations and the maps acting on them tighten the
return-error bound? The third is budget allocation: given a fixed sample budget, how should it be
split between dynamics transitions and reward annotations? The fourth is reward fidelity: how does
REINFORCE tolerate noisy or biased reward annotations, and when is it preferable to buy many cheap
noisy annotations rather than fewer accurate ones?

Our contribution. This paper treats the learned reward model as a separate source of error with
its own sample budget, distinct from the learned dynamics, and quantifies the resulting attribution,
allocation, and noise-tolerance trade-offs under Lipschitz and power-law assumptions.

1. Error attribution. extends Asadi et al.| [2018b] by replacing the assumed ground-
truth reward with a learned reward model, and gives a Lipschitz-based decomposition of
the return gap with separable, independently controllable dynamics-error and reward-error
coefficients.

2. Representation desiderata. |Corollary 1| shows that the dynamics-error coefficient in
is monotone non-decreasing in the Lipschitz constants Ly, L,, L, of the
learned dynamics, reward, and policy, identifying lower Lipschitz constants of the learned
models as a representation desideratum. couples this perspective to the
temporal-straightening objective of Wang et al.| [2026], upper-bounding its curvature loss by
a function of the Lipschitz constant of the latent velocity map.

3. Budget allocation. under power-law error scaling for the dynamics and reward
errors, gives a closed-form expression for the optimal ratio of dynamics samples to reward
samples in terms of the power-law exponents, the per-sample costs, and the Lipschitz
coefficient inherited from Lemma 1l

4. Reward fidelity. shows that the multi-trajectory REINFORCE estimator under
additive zero-mean reward noise is unbiased with bounded variance inflation;
reduces the optimal-fidelity allocation problem to a one-dimensional minimization in the
per-rollout annotation cost; and[Proposition 2|formalizes systematic reward bias as a gradient
bias that trajectory averaging cannot remove.

Empirical evaluations of the assumptions and predictions of these results appear in 81
and 4.2

Notation. We write M = (S, A, f,r,~) for a Markov decision process (MDP) with state space
S C R4, action space A C R4 deterministic dynamics f, reward r, and discount v € [0, 1).
Starting from an initial state sg, a policy 7 generates a trajectory by a; = 7(s¢) and s;v1 = f(s¢, az).
We write J(m, M) := 37" '7(s¢, a;) for the discounted return of 7 in M. Hats denote estimated
quantities. In particular, f is the learned dynamics, 7 the learned reward, and M= (S, A, f,7,7)
is the MDP obtained by replacing f and r with f and 7. eqyn := sup, , || f(s,a) — f(s,a)| and
Erew = SUPg , |F(s,a) — r(s,a)| are the worst-case model errors. Throughout, || - || denotes the
Euclidean norm.

2 Related work

Training a policy on rollouts from a learned model of the environment dates back to the Dyna
architecture of|Sutton|[[1990], which interleaves real-environment transitions with updates on imagined
transitions drawn from a learned dynamics model. Model-based policy optimization [Janner et al.,
2019]] uses short imagined rollouts from an ensemble dynamics model to augment policy updates.
More recently, [Hafner et al.|[2025a] train across diverse control tasks with a single learned world
model and reward predictor, and [Hafner et al.| [2025b] train agents inside scalable learned world
models, calling this process “training in imagination”. These works treat the learned dynamics model
and the learned reward predictor as a single coupled object and tune it empirically; [Section A]reviews
the broader latent-world-model lineage. Unlike the training-in-imagination lineage of Hafner et al.
[2025b]], this paper decomposes return error into separate, independently controllable dynamics-
model and reward-model terms (Cemma TJ), derives a closed-form split of a single sample budget
between dynamics transitions and reward annotations (Theorem TJ), and characterizes the policy



gradient inside this paradigm under both zero-mean noise and bias in the learned reward
and [Proposition 2).

Simulation return-error bounds have a long history in reinforcement learning theory, beginning with
the simulation lemma of |[Kearns and Singh| [2002], which bounds the value gap between a true and
approximate Markov decision process in terms of one-step transition and reward errors. Closest to our
setting, [Asadi et al.| [2018b] bound multi-step prediction error in model-based reinforcement learning
under Lipschitz assumptions on the dynamics and policy, but they assume access to the ground-truth
reward, so reward-model error never enters their bound. surveys subsequent refinements
of these bounds and value-aware model learning. Unlike [Asadi et al.|[2018b], Cemma | carries a
learned reward model through the analysis and produces an explicit reward-error term alongside the
dynamics-error term with independently controllable coefficients, which is the structural ingredient
that makes a budget split between dynamics and reward data well-posed.

Allocating sample budget between dynamics samples and reward samples sits at the intersection of
reward-aware data collection and neural scaling laws. Reward-free exploration separates a reward-
agnostic data-collection phase from later reward-conditioned planning, with sample-complexity
guarantees that hold uniformly over downstream reward functions [Jin et al., 2020]. Neural scaling
laws fit power-law decays of loss in data and parameters [Kaplan et al.,|2020] and, in the compute-
optimal regime, split a single training budget between model parameters and tokens [Hoffmann et al.,
2022]). discusses related work on active observation, simulation budget allocation, and
scaling laws specific to reinforcement learning and world-model pre-training. Unlike Hoffmann et al.
[2022], splits a single sample budget between two heterogeneous data streams—dynamics
transitions and reward annotations—whose errors obey separately fitted power-law exponents, and
yields a closed-form ratio in those exponents, the unit costs, and the Lipschitz coefficient inherited
from

Policy-gradient analysis under noisy rewards begins with the REINFORCE estimator of [Williams
[1992]. A line of work studies robustness to reward corruption: [Zhang et al.|[2021]] analyze adversarial
corruption in which an e-fraction of episodes have their rewards or transitions arbitrarily modified and
develop estimators with provable robustness guarantees. (Cai et al.| [2025]] treat asymmetric verifier
noise with false positives and false negatives in reinforcement learning with verifiable rewards. A
parallel literature documents Goodhart-style overoptimization of learned reward models, in which
the gap between proxy and gold rewards grows with optimization budget [|Gao et al.l 2023, a
systematic failure mode rather than zero-mean reward noise. [Section A|reviews the policy-gradient
and variance-reduction lineage and the broader reward-modeling literature. Unlike the adversarial
setting of |Zhang et al.| [2021]], [Theorem 2| and |[Corollary 2| treat zero-mean i.i.d. reward noise as a
per-rollout fidelity cost, which reduces annotation-budget allocation to a one-dimensional problem.
addresses reward bias separately, showing that any non-zero reward-bias gradient
survives trajectory averaging.

The choice of latent representation, and the regularity of the maps acting on it, governs how reliably an
imagined rollout tracks reality. [LeCun et al.|[2022] advocates joint-embedding predictive architectures,
in which prediction takes place in a learned latent space rather than at the level of raw observations.
Wang et al.|[2026] propose a temporal-straightening loss that encourages consecutive latent differences
along a rollout to be parallel, so that long-horizon predictions in latent space follow a near-linear
trajectory. On the regularization side, |[Miyato et al.|[2018]] introduce spectral normalization, which
controls the Lipschitz constant of a neural network by normalizing the spectral norm of each weight
matrix; discusses related joint-embedding instantiations and Lipschitz-regularization
mechanisms. These representation-learning and Lipschitz-regularization proposals are motivated by
stability or representational quality, and their connection to long-horizon policy value is left implicit.
Unlike Wang et al| [2026] and [Miyato et al.| [2018]}, [Corollary 1| and [Proposition 1] couple these
representation-learning desiderata to an explicit return-error coefficient, showing that the dynamics-
error coefficient is monotone in the Lipschitz constants of the learned dynamics, reward, and policy
and that the temporal-straightening loss is upper-bounded by a function of the latent-velocity-map
Lipschitz constant.




3 Properties of representations for training in imagination

What makes a representation of the system useful for training in imagination? |[LeCun et al.[[2022]
hypothesized that designing the dynamics, reward, and policy models to operate on latent states z; that
capture a higher-level representation of the system—in place of raw observations s; and past actions
a;—may improve prediction and planning across different time horizons. However, what properties
such a representation should have has remained an open question. [Lemma [|and [Corollary I| give one
answer to this open question: representations that lower the Lipschitz constants of the learned models
tighten our bound on return error.

Similar to|Asadi et al.|[2018b], we assume that the dynamics f, reward r, and policy 7 satisfy the
following Lipschitz conditions:

* fis Ly-Lipschitz: || f(s,a) — f(s',a")|| < L¢(||s — §'|| + |la — o’||) for all s, 5, a, a’.

e ris Ly-Lipschitz: |r(s,a) —r(s’,a")| < L.(||s — §'|| + |la — d’||) for all 5,5, a,a’.

o mis Ly-Lipschitz: |7 (s) — w(s')|| < L||s — §'|| for all s, 5.

Lemma 1 (Simulation error decomposition). Let M, M be MDPs sharing (S, A, ~) with determin-

istic dynamics f, f and rewards v, 7. Assume yL(1 4 L) < 1. Then for any L-Lipschitz policy
,

’YLr(l + LTI')
(=) =~yLs(1+ Lz))

N 1
'J(ﬂ-aM) - J(T(',M)‘ < ﬁ Erew T+ Edyn- (1)

Proof. See[Section B.1 O

Corollary 1 (Lipschitz constants control the dynamics-error coefficient). Under the hypothesis

vLp(1+ Ly) < 1, the coefficient (17w)7(f:(71;fL(7173rL ) of €dyn in|Equation (1)|is non-decreasing
ineach of Ly, L, and L. Hence, at fixed eqyn and € ew, lowering any of Ly, L,., L, tightens the

bound in|Equation (1)|on return error.

[Corollary T|formalizes this: representations that lower the Lipschitz constants of the learned models
Ly, L., L, tighten the bound in on return error at fixed €qyn, Erew-

A simple implementation may define the latent state z as an encoding of the current observation
z = ¢(s). The Lipschitz constants are then defined by comparing the outputs of the learned models
at nearby latent states, rather than at nearby raw observations. For example, the Lipschitz constant
of the dynamics model is then || f(¢(s),a) — f(&(s"),a’)|| < Ly (||o(s) — #(s')|| + [la — a’|)). The
reward and policy maps are handled analogously, with absolute value replacing the output norm for
scalar rewards. Higher-order representations are also possible: latent states z; may encode the full
trajectory (so, ao, - - - , S¢, a;—1), states or activations of other learned models, and so on.

This Lipschitz perspective also connects to the temporal straightening objective of[Wang et al.| [2026]],
which compares consecutive latent differences generated by the dynamics model and encourages these
differences to point in the same direction. To make the connection explicit, let Z denote the latent
state space and write z; = ¢(s;) for the latent state associated with observation s;. Following Wang
et al.|[2026], we write f for the learned dynamics model on Z, so that z;1 = f(z;) along a latent
rollout. Thus, in this discussion of temporal straightening, f no longer denotes the observation-level
dynamics on S.

Definition 1 (temporal straightening curvature loss, adapted from|Wang et al.| [2026]]). Define the
latent velocity map v(z) := f(z) — z. For a latent rollout z;11 = f(2;) and any ¢ such that v(z;) # 0
and v(z¢41) # 0, define

Ecurv (t) =1

leGollo(zer)

On observed transitions, v(¢(s;)) approximates ¢(s;+1) — ¢(s¢), so changes in v along a latent
rollout measure how smoothly the latent state moves along the trajectory. The temporal straightening
objective maximizes the cosine similarity between v(z;) and v(z¢41), or equivalently minimizes the
curvature loss in The relevant Lipschitz quantity is not the Lipschitz constant of f itself,
but the Lipschitz constant of the latent velocity map v.



Proposition 1 (temporal straightening from a Lipschitz latent velocity map). Let z;11 = f(2¢) be a
latent rollout generated by the dynamics model, and define v(z) := f(z) — z. Assume v is e-Lipschitz
on the latent states visited by the rollout, with 0 < ¢ < 1. For any t such that v(z;) # 0 and

v(ze41) # 0, the temporal straightening curvature loss from satisfies
2

Proof. See O

shows that making the latent velocity map slowly varying makes consecutive latent
differences nearly parallel, which directly lowers the temporal straightening loss. Thus, minimizing

the Lipschitz constant of v minimizes the upper bound in

Two caveats apply. First, a representation that lowers the Lipschitz constants might also increase £qyx.
The bound in only tightens if the decrease in the dynamics-error coefficient outweighs
the increase in eqyn. Second, that bound assumes vLs(1 + L) < 1, and the behavior when
~vLy(1+4 L) > 1 remains an open question for future work.

3.1 Numerical illustration of [Lemma 1

We empirically test the inequality in For each test configuration, define the re-

alized return gap LHS := |J(m, M) — J(m, M)| and the bound’s right-hand side RHS :=

(1 —9) " erew + (lﬂ)”(]fj(vl;fL(’l’l 7o)y Edyns evaluated with the configuration’s analytical Lipschitz

constants Ly, L, L, discount factor +y, and realized per-step errors €qyn, £rew. We report the ratio
R := LHS/RHS. The bound holds whenever R < 1, and smaller R indicates a looser bound. Each
configuration consists of an MDP, an L, -Lipschitz evaluation policy, and a perturbed model pair
with realized per-step errors eqyn, €rew. We test on two benchmarks. The synthetic benchmark
uses globally Lipschitz f and r, so the hypotheses of hold by construction. The Linear—
Quadratic—Gaussian (LQG) benchmark uses a quadratic reward that is only locally Lipschitz, testing
on a bounded operating domain. describes the per-configuration construction.
Across n = 525 configurations (150 synthetic, 375 LQG) the bound holds on every configuration.
The per-benchmark medians are Rsr‘y‘fl‘éh = 0.0035 and Ri“gé = 0.034, the pooled median is 0.015,

and the per-benchmark maxima are RZTE, = 0.9995 and R{GE = 0.999. For per-benchmark

empirical CDF (ECDF) shapes and full implementation details, see Every configuration
satisfies the bound, but the typical bound is loose: at the median it overshoots by 1/ Rf&i} ~ 29x%

on LQG and 1/ Rg,fl‘%h ~ 286 on the synthetic benchmark (factor ~ 65X at the pooled median).
Both benchmarks use deterministic dynamics; extending the calibration to stochastic dynamics or
unbounded operating domains would require revisiting the assumptions of and is left to

future work.

4 The optimal sample allocation to minimize return error

We distinguish between two types of samples: dynamics-transition samples and reward samples. A
dynamics-transition sample (s, a, f(s,a)) consists of a state s, an action a, and the resulting next
state f(s,a). A reward sample (s, a,r(s,a)) consists of a state, an action, and the resulting reward
r(s,a). Let Ngyn and Ny, denote the numbers of dynamics-transition and reward samples, and let
Cdyn and c;ey denote their per-sample costs. These costs may reflect any incurred costs, including
environment interaction, annotation, and training on the samples. We reuse the symbols 4y, and
Erew to denote the error levels achievable when the sample counts are Ngy, and Nyey, according to
standard power laws

eayn(Nayn) = Aa- Nygny  erew(Nrew) = Ar - N i 3)

dyn> rew

where o, 8 > 0 are exponents fit from data, and A4, A, are constants. For each budget B =

CdynNayn + CrewNrew, let (V. Gy N, ) denote a minimizer of the bound in[Equation (1) and let
Edyn = €dyn(Niyy) and ey, 1= rew(Nye,,) be the dynamics and reward errors at those minimizing

rew
*

. . . N,
sample counts. We study the optimal ratio of dynamics samples to reward samples, 3, as B — o0.



Theorem 1 (Optimal dynamics—to—reward sample ratio). If holds with exponents
a, B > 0 and the bound 0 1|holds, then the minimizing sample counts (N dyn’ NZ.,) under

the constraint cayn Nayn + CrewNrew = B satisfy
Nigw _ @ 9Li(1+Ls)  Crow Edyn @
Now g1 _rny(l +L7T) Cdyn  Erew
Proof. See[Seciion B =
Theorem 1| gives the optimal sample ratio Ng /N, in terms of the error ratio €3, /€k . and

shows that these two ratios are proportional. The multiplier in|] uses the global Lipschitz
constants L, L, assumed by [Lemma 1] so it is an upper bound rather than an equality. [Section 4.7]
measures, on the same conﬁgurations, how much smaller the realized value- function sensitivities
are than these global constants, and how close the resulting prediction of IV, dyn /N, becomes.
For practitioners who design systems that train policies in imagination, changes in sample costs or
planning horizon affect the optimal sample ratio as follows.

Sample costs. Costs enter through c¢qyn NVayn + Crew Nrew = B and the fitted error curves in [Equa
P &N CayniVay 9
|tion (3)|; in lEquation (4)|, they appear as Crew /Cdyn. LOwering cr,, lowers this factor, so 1V, g‘yn NEo
decreases and the allocation shifts toward reward samples. Lowering cqy, raises the factor, so

Niyn /N, increases and the allocation shifts toward dynamics-transition samples. However, since
the optimal sample ratio also includes €3, /7. these statements give the direction of the cost effect
rather than a complete allocation rule by themselves.

Planning horizon. The discounting effect is the familiar one: smaller y gives less weight to later
rewards. As -y decreases, [Equation (T)]becomes tighter, and the dynamics multiplier in [Equation (4)}
vLy(1+ Ly)/(1 —~L¢(1+ L)), decreases. The optimal allocation therefore shifts toward reward
samples, as expected for a shorter-horizon objective in which dynamics errors have fewer discounted
steps to affect future rewards. A similar effect arises from lowering the Lipschitz constants of the
learned models. By ering any of Ly, L,, L, tightens and decreases the
dynamics multiplier in|[Equation (4)l The optimal allocation therefore shifts toward reward samples,
since dynamics errors then compound less strongly along rollouts.

4.1 Numerical experiments: scaling of dynamics and reward errors

We estimate how fast each model learns with more data and whether the dynamics and reward
models learn at the same rate. To this end, we conduct an experiment that tests the power-law scaling
assumptions in and estimates the exponents « and /3 for a particular architecture and
environment. In this experiment, we estimate the dynamics and reward errors as a function of the
number of training samples Nqyy, and N, respectively, and fit the standard power-law scaling laws
from|[Equation (3)| [Figure I|shows the fitted scaling laws, which are consistent with the power-law
assumptions in It measures €4y, and €rc, on a fixed held-out set D, of transitions
(s,a,s’,r) in a synthetic continuous-control environment whose dynamics and reward function are

defined by frozen, randomly-initialized 2-layer ReLU MLPs, and whose students f and 7 use the same
architecture as the teachers. Specifically, €4yn(Nayn) := ﬁ D (5.8 ) eDen 1 (8,0) = s'||? and

Erew (Nrew) = \Dvn\ D (5.5 ryeDo (T(8:@) — )2, where f and 7 are trained on Ngy,, dynamics-
transition samples and N, reward samples drawn 1ndependently of Dya1. We use eqyn and erey
as practical surrogates for the sup-norm errors in The fitted laws are eqyn(Nayn) =
0.34 Ny 2! with R? = 0.954 and &rey (Nyew) = 90, 4N,Fe‘9,96 with R? = 0.997. For bootstrap
standard errors, 95% bootstrap confidence intervals, and full implementation details, see
The exponent ratio 0.96/0.11 ~ 9 is the central empirical observation: reward error decays nearly an
order of magnitude faster per decade of training data than dynamics error. This ratio of exponents is
consistent with 7 predicting a scalar while f predicts a ds-dimensional next state, and its exact value
depends on the dimensions and architectures used here.
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Figure 1: Dynamics and reward errors obey distinct power-law scaling laws. Reward error decays

roughly 9x faster per decade of training data than dynamics error (=~ 3-49). uses this ratio
to characterize the optimal fraction of transitions that should carry a reward annotation.

4.2 Empirical evaluation of

predicts Nign /N, as the product of two factors: the proportionality NN, dyn JNE X
€iyn /€t and a multiplier that depends on v, Lf, Ly, Ly, Crew/Cdyn, and /3. We test the two
factors separately: whether the proportionality holds when the multiplier is replaced by realized value-
function sensitivities, and how loose the multiplier is when instantiated with the global Lipschitz con-
stants assumed by[Lemma 1| Define the log-ratio residual £ := log (N, /Niey) —10g(€,,/few): 50
|¢| <log3 means predicted and realized ratios agree within a factor of 3. The realized value-function
sensitivities S, S, and the per-configuration construction are defined in Replacing the
global constants Ly, L, with the realized sensitivities S¢, S, recovers the predicted ratio. We test
this recovery on configurations whose value function V™ has a known parametric form: linear, tanh,
sin, and a separate quadratic-value control group that isolates the looseness from using sup-norm
overestimates in place of the realized sensitivities. The linear configurations achieve median |¢| = 0
and Spearman rank correlation p = 1 between predicted and realized ratios; this case is an algebraic
consistency check rather than an empirical test, since a linear V™ forces the realized sensitivities to
match the analytical ratio. The empirical content comes from the nonlinear configurations: tanh
and sin give median |[¢| = 0.054. On the control group, substituting sup-norm overestimates for the
realized sensitivities inflates the median residual by roughly an order of magnitude. plots
predicted against realized sample ratios N7 /N for each group. Instantiating the multiplier with
the analytical global Lipschitz constants of by contrast, overshoots realized ratios by about
three orders of magnitude. On the LQG configurations every configuration’s ¢ is positive, with median
¢ = 7.585 (a factor exp(7.585) ~ 1968 between predicted and realized ratios). shows the
per-configuration distribution of . The contraction regime, sample sizes, statistical methodology,
and a separate ratio isolating the dynamics-coefficient contribution to the multiplier are reported in

The proportionality Nj , /Nye,, o< €5, /€rew in[Equation (4)|therefore carries the predictive content,
while the multiplier built from global Lipschitz constants 1s loose at the order-of-magnitude scale.
Recovering the predicted ratio requires evaluating V™ at perturbed models (the construction in

ISection B.3)), which may be impractical at scale.

S Cost-effective learning from noisy rewards

The reward-noise analysis in this section is independent of the allocation results in the
unbiasedness statement for REINFORCE under zero-mean reward noise applies to any stationary MDP
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Figure 2: Predicted and realized sample ratios [V, :fyn /N, agree when global Lipschitz constants are
replaced by realized value-function sensitivities S, S,.. The linear, tanh, and sin groups in panel (a)
concentrate on the diagonal y = x, while the sup-norm control in panel (b) lies systematically below
it—using the global sup-norm in place of the realized sensitivities reintroduces the looseness shown

in[Figure 4] See[Section B.5|for plotting and methodology details.

satisfying the standard policy-gradient assumptions, regardless of how dynamics and reward samples
are allocated.

We study policy optimization under noisy rewards through the classical REINFORCE estimator
introduced by |Williams| [1992]. In this section let 7y be a differentiable policy, fix a finite horizon
H, and fix a discount factor v € [0,1). Define Jy(m, M) := E| fI:Bl y'r(st, ar)], where the
expectation is over trajectories generated by executing 7 in M. Define the discounted cumulative

reward from time ¢ onward as G; := Zf;tl fyt/’tr(st/, ay ), so that Gy is the discounted return

of the full trajectory and Jg (m, M) = E[Gq]. Define the finite-horizon policy gradient by gp :=
VoJu (mg, M). Define the noisy counterpart of G, as G, = Zf/[;tl 'yt/*tft/, where 7; denotes the
observed reward at time . The REINFORCE estimator of g computed from a single trajectory is

g = Zf;l Vo logmg(as | s¢) Gy. To estimate gy, sample K > 1 independent trajectories by

executing 7y in M. Foreach k € {1,..., K}, let §*) denote the REINFORCE estimator computed on

the kth trajectory, and define g := % 22(:1 ™). The estimators (), ..., §5), §, and their noise-

free counterparts are vector-valued. To measure their dispersion with a single scalar, we use the natural
generalization of scalar variance obtained by adding coordinate variances: for z = (21, ..., 24), write

Var[z] := Z‘Z:l Var[z;].

Theorem 2 (Finite-horizon REINFORCE under noisy rewards). Assume W3 =
E[maxo<i<p-1||[Vologma(ar | s¢)||?] < oo. Suppose the rewards are observed with ad-

ditive noise, 7y = r(st,a;) + 1, where the noise variables n; are i.i.d. with E[n;] = 0 and
Var[n:] = 0727 < 00, and each 1 is independent of the state-action history ((so, ag), ..., (St,at)).
Then § satisfies
2 2
o R ) o, HWy
E[g] = gm, Var[g] < Var[g],=0 + KOA—)E Q)
where Var|[g],=o denotes the variance of the same estimator when the rewards are noise-free.
Proof. See[Section B.6| O

In many settings, practitioners can pay more per reward annotation to obtain less noisy rewards,
for example by averaging multiple annotators or using a more careful annotation pipeline. We use
to ask how a fixed budget for reward annotations should be split between fidelity (lower
noise per annotation) and quantity (more rollouts at higher noise).



Let ¢ > 0 denote the per-rollout cost of acquiring reward annotations along that rollout, and define

o2 (c) := Var[n, | per-rollout annotation cost equals ¢ € [0, c0) as the variance of the reward noise
7 from when reward annotations are acquired at per-rollout cost c. We assume that

o2: (0,00) — [0, 00) is measurable. Given a budget B > 0 for reward annotations, the number of
independent rollouts that fit in the budget at fidelity cis K = B/c.

Corollary 2 (Optimal fidelity for noise-induced variance). Define ®(c) := coz(c). Under the
assumptions of \Theorem 2| with Var[n;] = 0'727 (¢) and K = B/c, the upper bound on the noise-

induced excess variance from |Theorem 2| equals ®(c) H W% /(B (1 — v)?). Consequently, any
c* € argmin, ., ®(c) minimizes this upper bound over ¢ > 0.

Proof. Substituting K = B/c into the upper bound from gives o2 (c) HWE /(K (1 —
7)%) = ®(c) HWZ /(B (1 —~)?). The prefactor H W3 /(B (1 — 7)*) is non-negative and does not
depend on ¢, so the upper bound and ®(c) share their minimizers over ¢ > 0. O

Corollary 2|reduces the choice of fidelity for reward annotations to minimizing ®(c). We illustrate the
consequences with three examples of how the noise variance a% (¢) depends on the cost ¢, summarized

in[Figure 5}

Power-law fidelity. Suppose 0727(0) = AP for constants A, p > 0, so that each multiplicative

increase in cost yields a fixed multiplicative reduction in noise variance. Then ®(c) = A ¢} =P, which
is strictly decreasing in ¢ when p > 1, strictly increasing in ¢ when p < 1, and constant when p = 1.
The exponent p = 1 therefore separates two regimes: when p > 1, the bound is minimized by paying
for the highest-fidelity annotations available; when p < 1, the bound is minimized by paying as little
as possible per annotation and using the saved budget for additional rollouts.

Bounded fidelity. Suppose 0727(0) = 02 (1 — ¢/Cmax) on (0, Cyayx] for constants o2, cpax > 0,

modeling a setting in which annotations have variance o as ¢ — 0 and become noise-free at the

finite cost Ciax. Then ®(c) = 03 ¢ (1 — ¢/cmax) is a downward parabola in ¢ that is maximized at
€ = Cmax/2, attains the value 0 at ¢ = ¢yax, and approaches 0 as ¢ — 0. Both extremes of the cost
range therefore minimize the bound, and intermediate fidelities are strictly worse.

Irreducible noise floor. Suppose o7(c) = 03, + A/c for constants o3,,., A > 0, modeling

a setting in which no level of spending can drive the noise variance below 03, . Then ®(c) =
03, € + Afis strictly increasing in ¢, so the bound is minimized by ¢ — 0: when reward noise has a
floor that money cannot remove, the optimal allocation buys the cheapest annotations and relies on

the 1/K factor in to reduce variance.

Together, these cases show that the shape of ®(c) determines whether the budget should be spent on
fidelity, on quantity, or on one of the two extremes.

The preceding results assume the reward noise is zero-mean. We note that this assumption is essential:
averaging over more trajectories cannot remove a systematic reward bias.

Proposition 2 (Finite-horizon REINFORCE under biased rewards). Letb: S x A — R be a reward
bias function, define 7(s,a) := r(s,a) + b(s, a), and define M := (S, A, f,7,~). For trajectories
sampled by executing mg under the true dynamics f, let V), ..., §) be independent REINFORCE
estimators computed using the biased rewards 7 (s, a;), and define § := % Zkl,il §%) . Define
Bu(0):=E 25:)1 vib(st, at)} , where the expectation is over trajectories generated by executing
Ty under the true dynamics f. Then

E[g] = VoJu(mg, M) = g + VoBu(0). (6)
If Var[g(V)] < oo, then

1
E[lg - gu*] = 2= Varlg™] + IV Bu (0)|1*. ™

Consequently, when Vg By (0) # 0, averaging over more trajectories reduces the variance term but
does not remove the bias as an estimator of 9.

Proof. See[Section B.8 O



6 Discussion

Although the dynamics f : S x A — S and reward 7 : S X A — R depend only on the current state
and action, this does not require the underlying environment to be memoryless: any dependence on
past states and actions can be absorbed into S by taking the state to encode a summary of the past,
e.g. via recurrent neural networks [Rumelhart et al., |1986, Elman, 1990, [Hochreiter and Schmidhuber,
1997, [Henaff et al., 2016].
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A Additional related work

This appendix collects related works that inform the setting of but are not load-bearing for
the novelty claims of [Lemma 1| [Theorems T|and 2] and 2] and and[2]

Latent-state world models. Beyond the works cited in several lines of work shape the
modern training-in-imagination paradigm. |[Deisenroth and Rasmussen|[[2011] fit a Gaussian-process
dynamics model and propagate uncertainty through imagined trajectories under a known reward. |[Ha
and Schmidhuber|[2018] learn a latent dynamics model from pixels and train a policy primarily inside
this learned model. Dreamer [Hafner et al., 2020] learns a latent-space dynamics model together with
a learned reward predictor and optimizes the policy entirely on imagined latent rollouts. |Schrittwieser
et al.[[2020]] learn a value-equivalent latent model whose dynamics, reward, and value predictions are
trained jointly to support planning, and [Hansen et al.|[2022] combine a learned latent dynamics and
reward model with short-horizon planning and a learned terminal value.

Simulation-style bounds and value-aware model learning. The simulation-lemma family extends
in several directions. [Kakade and Langford| [2002] express the difference in expected discounted
return between two policies as an expectation of single-step advantages under one of them, which
underpins conservative policy iteration. Munos|[2003] gives L,,-style error-propagation bounds for
approximate policy iteration, and [Lobel and Parr] [2024]] recently establish optimal tightness for the
simulation lemma. A parallel line of work asks whether the model loss should target value prediction
rather than raw transition accuracy: value-aware model learning [Farahmand et al.| 2017]] replaces
the next-state likelihood objective with a loss measuring the worst-case discrepancy between the
true and learned dynamics on expected values over a class of value functions, |Asadi et al.|[2018a]
show that, restricted to a 1-Lipschitz value-function class, this loss is equivalent to the Wasserstein
distance between the dynamics, and Talvitie|[2018]] addresses how to learn the reward function on
states drawn from a misspecified dynamics model.
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Active observation and simulation budget allocation. Active-measure reinforcement learning
chooses when to pay for an observation under explicit observation costs [Bellinger et al., 2020]. In
the simulation-optimization literature, optimal computing budget allocation divides a fixed simulation
budget across candidate policies to maximize the probability of selecting the best one [Huang and
Choti, [2022]]. Power-law fits analogous to those of [Kaplan et al.| [2020] and [Hoffmann et al.|[2022]]
have since been reported for single-agent reinforcement learning and for pre-training of agents and
world models [Hilton et al.| [2023| [Pearce et al., [2025]].

Policy-gradient theory and reward modeling. Beyond Williams| [1992], the policy-gradient
theorem of |Sutton et al.| [1999]] and the variance-reduction analysis of |Greensmith et al.| [2004]
provide the standard analytic toolkit invoked by Han and Yang| [2026] characterize
how the REINFORCE noise-to-signal ratio varies non-uniformly across the parameter landscape.
Reinforcement learning from human feedback trains reward models from preferences [Christiano
et al.l 2017, Stiennon et al.l [2020], the empirical setting in which |Gao et al.| [2023]] document
Goodhart-style overoptimization.

Representation learning and Lipschitz regularization. |Assran et al.[[2023]] provide a concrete
image instantiation of joint-embedding predictive architectures, and |Gouk et al.| [2021]] propose
projection-based mechanisms for enforcing Lipschitz continuity during training, with upper bounds
applicable to multiple p-norms beyond the spectral norm.

B Full proofs

B.1 Proof of Lemmalll

Lemma 1 (Simulation error decomposition). Let M, M be MDPs sharing (S, A,~) with determin-

istic dynamics f, f and rewards v, . Assume yL(1 + L) < 1. Then for any L-Lipschitz policy
T,

YL(1+ L) .
(1= —vLf(1+ Ly)) ™™

J(W,M) - J(’]T,M) S ﬁ Erew + (1)

Proof. Fix an L,-Lipschitz policy 7 and a shared initial state so = §¢. Let {s;} denote the state

trajectory generated by executing 7 under the true dynamics f, and {3;} the trajectory under f , both
starting from sg. The actions differ because the policy is evaluated at different states:

ay = W(St), ay = 7T(St).
At each step t:
(8¢, a) — (54, 0¢) = [T(Sm ay) — (5, &t)] + [T(§t7&t) - f(ghflt)] ®)

Let Leomp := Lf(1 + L). By induction:
t—1

||St - étH S 5dyn Z Ll;omp
k=0

Base case (t = 0): so = 8o, 50 ||so — 80]| = 0.
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Inductive step: Assume ||s; — 5¢| < €dyn Zk o LEop-

8641 = 841l = [ f (51, a0) — (Staat)”
< f(seyar) — F(3e,ae)l| + 1f (3¢, ae) — F(3e,a0)]
< Ly(llse = 8¢/l + llae — acll) + eayn
= L (llse = 3¢l + | (s¢) — 7(3:)[) + €ayn
< Ly (llst = 3¢l + Lrllse = 3¢ll) + ayn
< Ly(1+ Lx)llst — 8¢l + €ayn
= Leomp||st — 8¢|| + Edyn

t—1
k
< Lcomp <5dyn Z LCOmp) + €dyn

k=0
t—1
— § k+1
= Edyn Lcomp + €dyn
k=0

E k+1
= Edyn Lcomp + EdYIchomp

t

_ J 0
= Edyn Z Lcomp + edynLcomp
j*l

- Edyn § :Lcomp

Error from using the learned reward function: |r(8,at) — 7#(8¢, at)| < €rew, by the definition of

EI‘GW'

Error from evaluating the true reward at different state-action pairs:

r(llse = 8¢l + llae — al|)

|r(se,at) — (8¢, a¢)| < L (
Ly (llse = 3l + [l (se) — 7 (50)]])
L (
L (

< Ly ([lse = ¢ll + Lrllse — 3]
= Ly(1+4 Lx)|st — 5]
t—1
< Lr(1+ Ly)eayn 3 Loy
k=0
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Using the definition of discounted return and

| J(m, M) = J(m, M)| = Z’yt(r(st,at) *f(gndt))
=0
< ZVt 7 (st ar) = 7(8¢, 4y

_ny |(r(se,a) = (8¢, a)) + (r(8¢,a¢) — #(3¢,a4)) |

t=0

(oo} o0
<Y A (s ae) = (3, a0+ YA |r(3e, @) — (50, )|
t=0 t=0
oo (oo}
< Ly(1+4 Lr)eayn Y 7' (Z Lcomp> + Erew 7'
t=0 t=0
oo t—1 1
= Lr(]. + LTr)Edyn Z Z ’Vtngomp i Erew
t=0 k=0 v
o0 o0 1
= L, (1+4 Lx)edyn Z YL Comp ——— Erew
k=0 t=0 -7
k<t—1
1
=L, (14 Lx)edyn Z Z vthomp ——— Erew
k=0 t=k+1 -
(oo} (oo} 1
=L, (1+4 Lx)edyn Z Z YL e + T Crew
k=0 j=0 v
- 1
L ]. + L Edyn Z ,yk-'rl Z ,y Comp f Erew
k=0 §=0 v
vLy(1 + L) = k 1
= s n Lcom rew
11—~ Edy kZ:O(’Y comp) +1_Py€e

Because vLcomp < 1, the geometric series converges.

L.(1+ L, 1 1
:’y ( )Edyn( )+ Erew
-y

1 -7 1 _’YLcomp

1 YLy (1+ L)
= Erew + Edyn
L=y ™ (1= =L+ La)

B.2 Proof of

Proposition 1 (temporal straightening from a Lipschitz latent velocity map). Let z;+1 = f(z:) be a
latent rollout generated by the dynamics model, and define v(z) := f(z) — z. Assume v is e-Lipschitz
on the latent states visited by the rollout, with 0 < ¢ < 1. For any t such that v(z) # 0 and

v(ze41) # 0, the temporal straightening curvature loss from satisfies
(2)

Proof. Fix t such that v(z;) # 0 and v(z41) # 0, and set

a:=v(z), b:=v(zp41)-
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Along the rollout, a = 2441 — 2; and b = 2442 — 2441. Using the e-Lipschitz condition for v gives
16— all = llo(z41) — vz
< ellzegr — 2l
= éela]l.

By the triangle inequality,

6]l = fla + (b = a)]
> [laff = Ib - all

> (1—¢)all.
Define

o a’b

~ lallliel
Then

1o —al|® = [lal* + (|6 — 2ab
= [lal® + [1B]]* — 2C|la]|[1B]
= (lall = 1181)* + 2allllll(1 - C).
Rearranging and using (||a|| — [|b]|)? > 0 yields
_ b —all* = (llall — [Ib]})?

b= 2alllbl
|b—all®
= 2|allfjpll

Substituting ||b — a|| < ¢||a|| and ||b]| > (1 — €)]|a|| gives

e®||a|?

PO S - ol
62
T 2(1-e)

Since 1 — C' = Ly (t) by definition, this proves the curvature-loss bound.
The function & + £2/(2(1 — ¢)) is increasing on (0, 1) because

d 2 2—
d € _ g(2—¢) 0.
de2(l—¢) 2(1—¢)?
Therefore lowering the Lipschitz constant of v lowers the upper bound whenever the Lipschitz
constant remains in (0, 1). O

B.3 Proof of[Theorem 1|

Theorem 1 (Optimal dynamics-to-reward sample ratio). If holds with exponents

o, 8 > 0 and the bound 0 holds, then the minimizing sample counts (N, N, ) under
the constraint cqynNayn + Crew Nrew = B satisfy

Ngyn — o . 'VLT(I + L‘n’) . Crew ) 5fiyn
Nr*ew ' ﬁ 1- lny(]' + LW) Cdyn giew .

Proof. For sample counts (Nqyn, Nyew ), [Equation (3)| gives
Erew (Nrew) = ArNiﬁ Edyn (Ndyn) = AdN_a-

rew’ dyn
Substituting these identities into the upper bound from gives
Ar 7L7‘(1 + LTr)
1—v (L= =Ll + Ly))

“

N2+ Ay N7©

dyn*
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Define the sample-count-independent coefficients by
o A, Oy = YL, (14 L)Aq
1—o’ (1=7)A =~Ls(1+ Lz))’
so the upper bound after substitution becomes

Ebound(Ndyna Nrew) = C’I"N_B + CdNia

rew dyn*

For the fixed budget B, the feasible sample counts are exactly the pairs (Ngyn, Nrew) satisfying

CaynNdyn + CrewNrew = B. Therefore minimizing the upper bound from over all
feasible sample counts is equivalent to minimizing Lyound (Ndyn, Nrew) subject to the same budget

constraint.

Because «, 8 > 0, the objective decreases as either sample count increases, so the minimizer satisfies

Niyn > 0and Ny, > 0. Define the Lagrangian
A(Ndyna Nrewa )‘) = Cde_y?l + CTNTE\E}, + A(Cdynj\[dyn + CreWNrew - B)

Because the minimizing counts satisfy Nj , > 0 and N7, > 0, setting the partial derivatives of A

rew
with respect to Nqy, and V.., equal to zero gives
—a—1
aC’d Ndy?l = >\Cdyn>

BC, NB™1 = X erow.

rew

Multiply the equation for Ngy, by Ny, and the equation for Nyew by NVieyw:
aCy ]Vd_y(f1 =\ CaynNVdyn,
5 Cr Nr;‘g =A creWNrew-

Now divide the equation for Ny, by the equation for N,y :

—Q
o Cd Ndyn _ CdynNdyn
5 CT Nr;‘g Crew Nrcw
Rearranging this identity gives
Ndyn o g . Crew . CchIy?l

Nrew B 6 Cdyn CrNr;v[\g/ .

Evaluate [Equation (9)|at the minimizing counts (V. dyn’ N..). Using the definition of Cj together

©))

with | we obtain
* — ’)/L,«(l + Lﬂ') * —
Cy(Nj,,) %= Ag(Niy) @
W)™ = T @ L1+ B Vi)
_ YL-(1+ Lx) o*
(- AL L+ Ly)) o
A
(N )P = " (N* B
C ( I‘CW) 1 _ /y( rcw)
— 1 *
- 1 _ 'Y rew "
Substituting these two identities yields
Nsyn _ a (1 _ ’Y) ’YLT'(l + Lﬂ') Grew E;kiyn
Nrt:w 5 (1 - 7)(1 - ’VLf(]' + L‘ﬂ')) Cdyn E;:cw
¢ 7Lr(1 + Lﬂ') Crew €Zyn

B 1- YLy(1+ Lz) cCayn  Efew

Because x — x~* and x — 7 are convex on (0, 00) for a, 3 > 0, the objective is convex on the
feasible set. Therefore the feasible point satisfying the derivative equations for Ngyyn and Nyey is the
unique minimizer. O

17



1.0 - :
i pooled median R =0.0153 (n=
0.8 - max R = 0.999 (LQG)
I-l— -
L 0.6
(@]
L
0.4 -
0.2 7 — toy (n=150)
: LQG (n=375) R=1
0.0 —— —————
10-3 1072 1071 100

R =LHS/RHS

Figure 3: The bound of [Equation (1)|holds across all n = 525 test configurations on both benchmarks.
The empirical CDF of R := LHS/RHS stays at or below R = 1 on every configuration, supporting

the use of as a hypothesis of full per-benchmark statistics are in this appendix.

B.4 Experiment details: empirical calibration of the decomposed bound

This appendix collects the protocol and per-configuration construction for the calibration experiment

in[Section 3.1] whose main-text result is summarized in [Figure 3

Each configuration is a tuple (f,r, m, 1, ), where (f,r) is an MDP instance, 7 is an L.-Lipschitz
evaluation policy, and (f, #) is the perturbed model pair. The realized per-step errors qyn, Erew are

computed from the (f, f) and (r, ) pair using the same definitions that the main-text formulas use.

The synthetic benchmark contains n = 150 configurations in which f and r are globally Lipschitz; on
this benchmark Ly, L,, L, in RHS of are computed analytically as the global Lipschitz
constants of the configuration’s maps. The LQG benchmark contains n = 375 configurations in
which the quadratic reward is Lipschitz only on a bounded operating domain (a fixed compact subset
of state-action space within which the configuration’s rollouts are confined); on this benchmark L, is
the Lipschitz constant of r restricted to that domain.

The empirical CDFs of R in have qualitatively different shapes on the two benchmarks. The
LQG ECDF climbs steadily across R € [1073,1]. The synthetic ECDF rises sharply through its
low- R mass, stays flat at value ~ 0.66 across R € [10’2, 5 X 10’1], and then climbs toward R = 1
on the remaining =~ 25% of configurations. The pooled median R = 0.015 is therefore dominated by
the LQG arm. The pool maximum is R = 0.9995 on a synthetic configuration, and the LQG arm
peaks at R = 0.999.

Two annotations on |[Figure 3|should be read as follows: max R = 0.999 (LQG) is the LQG-arm
maximum (the pool maximum is the slightly larger synthetic value R = 0.9995), and the legend label
toy denotes the synthetic benchmark.

We report only the per-benchmark medians, the pooled median, and the per-benchmark maxima; no
bootstrap confidence intervals are used because the relevant claim is the universal R < 1, which is
verified directly on every configuration.

B.5 Experiment details: empirical evaluation of the optimal sample-ratio formula

This appendix collects the per-configuration construction, definitions, statistical methodology, and
numerical results for the allocation-evaluation experiment in whose main-text findings

are summarized in [Figures 2]and [4]
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The configurations used in[Figures 2]and ] are partitioned into four groups, each generated by a Carte-
sian product over a small set of axes; per-configuration values are recorded in the committed CSVs
and we list the grids verbatim below. The interpretation of the axes sigma_ratio, cost_ratio, A,
and theta_£0 is deferred to the open item at the end of this appendix.

Linear-value configurations (n = 30, panel (a) of [Figure 2). The Cartesian product is
(Ly,A) € {(0.5,0.5), (2.0,2.0)} (with Ly = X enforced) crossed with sigma_ratio €
{0.1,0.3,1.0,3.0,10.0} and cost_ratio € {0.1,1.0,10.0}, for 2 x 5 x 3 = 30 configurations.
The reward Lipschitz constant is fixed at L,, = 1.

tanh-value and sin-value configurations (n = 9 each, panel (a) of [Figure 2). For each of these
two value-function families, the Cartesian product is sigma_ratio € {0.3, 1.0, 3.0} crossed with
cost_ratio € {0.1,1.0,10.0}, with Ly = L, = A = 1 fixed.

Quadratic-value sup-norm-control configurations (n = 9, panel (b) of [Figure 2). The Cartesian
product is the same sigma_ratio X cost_ratio grid of size 9, with A = 1 and theta_f0 = 0.5
fixed. Each configuration is evaluated twice: once with LIJP“‘1 = 1 (the realized-sensitivity calculation,
plotted as filled circles in panel (b)) and once with L;UP = 2 (the sup-norm control, plotted as open
squares).

LQG configurations (n = 30,[Figure d). Configurations are indexed by seed € {0, 1,...,29} and
parameterized so that, at vy = 0.8, the contraction quantity vL (14 L) lies in [0.224, 0.228] (margin
1 —~Ls(1+ L,) € [0.772,0.776]). The realized constants per seed land in L; € [0.280,0.285],
Ly €[1.6x104,1.0 x 10~3], L, € [0.82,1.49].

For each seed we fit per-configuration power-law scaling laws €qyn(N) = Ag- N~ and erew (N) =
A, N= with Ag € [1.0 x 1073, 1.7 x 1073], A, € [2.2 x 103,4.0 x 1073], arg € [0.97, 1.05],
ar € [0.99,1.08], R? € [0.995,0.9997], and R? € [0.996,0.9998] (recorded per-configuration in
theA_d, A_r, alpha_d, alpha_r, R2_d, R2_r columnsoflqg_per_instance.csv). These
per-seed exponents are distinct from the global «, 3 fit in

The boundary_excluded column reports that 0/30 configurations were filtered out as boundary
cases (the filter would exclude any configuration whose realized contraction yL (1 + L, ) approached
1, which would invalidate the hypothesis of none did).

We define the quantities used in this experiment. Let V™ (s; f, ) denote the discounted return of
a fixed evaluation policy m when the dynamics map is f and the reward map is r. For each test
configuration, let A f := f — fand Ar := 7 — r denote the realized model perturbations, and fix a
step size h > 0. Define the realized value sensitivities by the one-sided finite-difference quotients

V(s f+hAfr) = V(s f,r)]

S¢(s,a) = )
WAL
|Vﬂ—(87 fvr + hA?") _ Vﬂ(s; f, T)‘
Sr ) = )
(s) I |Ar]
where || - || is the Euclidean norm; as h — 0, Sy and .S, approach the directional derivatives 0y V'™ and

0, V™, which provide the underlying intuition for these realized sensitivities. The global Lipschitz
constant of the dynamics map in the spectral norm is any

Ly > sup WA SEd)
T T sy s =8+ lla=d|l

and L, is defined analogously, on a bounded operating domain when the reward is only locall
. . L Lr(l-‘er) . . . .

Lipschitz. Let Ky, = (1_7)”(1_7 L, (1L denote the dynamics coefficient appearing in
tion (1) instantiated with the analytical global Lipschitz constants L, L,, and let K’ denote the same

coefficient with L in the contraction factor 1 — L (14 L) replaced by the realized value-function
sensitivity Sy. The log-ratio residual £ is defined in

We summarize each group of configurations by the across-configuration median of |¢| (or £ when
overshoot direction is informative); jitters the vertical position of each LQG marker for

19



i

i

:factor3 median £=7.585 (= 1968 x )

;

= K YQ ‘

! o

| 3y, 00

1 YL J

i M °

1 ° o o

i

1

1

i

L T T T T 1
2 4 6 8 10

£ =10g(Ngyn/New) = 109(E gyl en)

Figure 4: The multiplier in|[Equation (4)|instantiated with the global Lipschitz constants of

overshoots realized ratios by about three orders of magnitude on LQG. Each of n = 30 LQG
configurations at v = 0.8 lies above the dashed horizontal line ¢ = log 3 (predicted and realized
ratios within a factor of 3); the solid horizontal line marks the median ¢ = 7.585.

visibility. To check that overshoot in the global-Lipschitz multiplier comparison is not consistent
with chance, we run a one-sided sign test against the null that overprediction and underprediction are
equally likely; with 30/30 configurations overshooting, the test gives p = 0.53 ~ 9.31 x 10719,

The headline per-group medians are reported in here we record the additional numbers
underlying the sup-norm-control comparison. On the 9 quadratic-value configurations, the median
residual rises from |lrealized| = 0.074 to |[fsyp| = 0.684 when realized sensitivities are replaced
by their sup-norm overestimates, a factor of ~ 9.25x. The maximum |¢| on the linear-value
configurations is also 0, complementing the median value of 0 already reported in main text.

A separate statistic isolates the dynamics-coefficient slack itself. On the same n = 30 LQG con-
figurations (committed per-configuration as the K_prime column of 1qg_per_instance. csv), the
multiplier ratio Kp,;, /K’ has median 2.37 and maximum 3.23 (minimum 1.71). This is a different
quantity from the residual ¢: the factor ~ 1968 figure is exp(7.585) on the residual itself, while
Ktip/ K isolates the contribution of replacing the global L ¢ with the realized S in the dynamics-side
coefficient alone.

Worst-case bounds in approximate dynamic programming, such as the simulation-lemma bounds
on policy-evaluation and policy-improvement error stated in terms of model error, are classically
conservative when instantiated with global Lipschitz or sup-norm constants [Munos, |2003|, [Kakade
and Langford, [2002]]. The pattern observed here matches that classical observation: the bound

in certifies a sufficient condition, while the proportionality in carries the

predictive content for sample allocation.

B.6 Proof of Theorem 2|

Theorem 2 (Finite-horizon REINFORCE under noisy rewards). Assume W3 =
E[maxo<i<r—1||Vologmg(ar | s:)||?] < oco. Suppose the rewards are observed with ad-

ditive noise, 7y = r(st,a;) + 1, where the noise variables n; are i.i.d. with E[n;] = 0 and
Var([n;] = o7 < oo, and each n; is independent of the state-action history ((so,ao); - - -, (51, at)).
Then § satisfies
2 2
o R ) o, HWy
Elg] = gu,  Var[g] < Var[g]p=o + KI=A2 ®)
where Var(g],=o denotes the variance of the same estimator when the rewards are noise-free.
Proof. A trajectory 7 = ((s9,a0),...,(Sg—1,am—1)) is sampled by executing 7y in M. Let Gt,

Gy, and ) be as defined in Define the corresponding REINFORCE estimator when the
rewards are noise-free as g1 := >0 ' Vg log mg(ay | 5¢) G, s0 E-[g0] = g
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Let Ny == S0 2 A" i, so that Gy = Gy + Ny Let 8D = S P Wy log mp(ay | s¢) N, so that
g = ¢ 4+ 6 Fix the sampled trajectory 7 and take conditional expectation over the reward
noise. Because each ny is independent of the state-action history and has mean zero,

H-1
E[N, | 7] = th_tEnv | 7]

t'=t

H-1
=Y "' Eln]
t'=
=0.
Therefore
H-1
E[d(l) | 7] = Vo logmg(as | s¢) E[Ny | 7]
t=0 1o
p— ()7
and hence

Therefore E[§V)] = E[¢M)] = g5, and averaging over K trajectories gives E[§] = gp.
ging i g

Fix the sampled trajectory 7 and define

wy 1= Vg logmg(ay | 5¢)-

Then
H-1 H-1
1 t'—t
o) = Wy E vy Ui
t=0 t'=t
H-1H-1
t'—t
= Y WM
t=0 t'=t
H-1H-1
t—
= E v Wi
=0 t=
t<t’
H-1 t
t'—t
= v Wi
t/=0 t=0
Define
tl
L t'—t
Uy 1= Y Wt
t=0
Then

H-1
5 =Y v
t'=0
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Using [Equation (10}

d
Var[s® | 7] = 3 Var[s\” | 7]
i=1

- iE[(ag” —E[sY | T])

=E

1]

8" —E[E® | 7] | 7]

=E[I6M]* | 7]
(-1 2
= E Z Ut’nt’ T
L t’'=0
[ /H—1 H—1
= E <Z vt'nt’> Z ’Uu’l’]u> T]
L \t'=0 u=0
[H—1 H-1
=E| > > (e, van) T]
Lt’=0 u=0
[H—1H-1
=E Z N/ (Ver 5 Vo) T]
Lt'=0 u=0
H—-1H-1
= E[nen | 7] (v, vu)
t'=0 u=0
H-—1 H—1H-1
= Y Enp | 7] v voe) + DD Bl | 7] (v, va)
t’=0 t’=0 u=0
uFt’

For ¢’ # u, independence of th
zero mean, gives E[nyn, | 7]
Therefore

H
t

e reward noise from 7, together with independence across time and

= E[nenu] = Elne]E[n,] = 0, while E[n? | 7] = E[p}] = o2.

-1
= orllvel?
! —

=0

-1
=ap > lloell*.
=

Next,

H
t

0

[[oe |

<N A |
t=0
t,
< t'—t
< y o max el
t=0
! ™
1 fyogtg%(—l Wt



Substituting the bound on ||vy || into the conditional variance gives

H-1 o, 2
(1) ] < 2
Var[0" | 7] < o, Z ( - o max uzt|>

O’%H
= (17 ma. ||wt||
—7) 0<tSH—1

Taking expectations over 7 and using the definitions of w; and W3 yields

o2H
ENalolr] < 7B e ]
o2H
(1- 7)2E|:0<t<H
O’%HW?{

o

Vo log mo(ar | 1)l }

Now apply the law of total variance to each coordinate and sum over coordinates. Here the conditional
variance is over the reward noise given a fixed trajectory 7:

Var[g (1)} = Var(E[g(l) | ]) —HE[Var[ @) \ 7']]
= Var[gW] + E[Var[gH) + 6 | 7]]

Because g(") depends only on 7, conditioning on 7 makes ¢(!) deterministic. Hence Var[g(*) + §(1) |
7] = Var[6(!) | 7] almost surely, so

= Var[g(l)] + ]E[Var[é(l) | 7]]
J%HWEI

S Var[g(l)] + W

Y

Since the trajectories and their reward noises are sampled independently across k, the estimators
g™, ..., are independent. Each estimator has mean gz. Write §; and (gp); for the ith
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coordinates of g and gz7. Then

d
Varlg] = Y Var(g]

d
=D _E[(9: — El3:])’]

d
= ZE[@ - (gH)i)2]
2_} .
=E Z(fn - (gH)z)Q]
—E[J§ - gn]
o x .
=E||l%>_8"“ —gu
L k=1 J
1 K ’
= K2 [ Z(?J(k) *QH) ]
k=1
K K
= %E <Z(g<’“> —gu), Y (5 - gH)>1
1 b I;:l (=1
= EZZE[@(M — gm, 5 _QH>}

For k # (, independence gives E[(§®) — g, 39 — gu)] = (E[g™® — gu],E[3) — gu]) = 0.
Therefore only the terms with £ = ¢ remain, so

1 k;l .
22%2@“@@%
1 k;l ) i=1
K2 ZZE[(@(M - (QH)i)Q]
k=11i=1

Since each coordinate of §(*) has mean the corresponding coordinate of gz,

| K o4
=37 ZZV&I‘[QEM]

k=11i=1

By the definition of Var for vector-valued estimators,

1 K

k=1
The estimators (1), ..., §) have the same distribution, so each term in the sum equals Var[g(l)]:
| X
= ﬁ Z Var[g(l)]
k=1
= i\/m«[g(l)]. (12)
K
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When the rewards are noise-free, the averaged estimator g equals § = % 22{:1 g*). Repeating the
expansion above gives

Var[g],=o = Var

| KK
=72 ZZEK!JUC) — g9 _9H>}

For k # ¢, independence gives E[{¢®) — g, ) — gi)] = (E[g™) — gu], E[g) — gr]) = 0, s0

K

1
- K2 Z]E[Hg(k) - 9H||2}
k=1

1
= —Var[g'"]. (13)

Combining [Equation (12)| with [Equation (11)|gives

. 1 R
Var[g] = EVar[g(l)]

1 ol HW?
< (1) i/ : §
<% <Var[g ]+ 1=
1 o2HW?
= —Varlg® _n~""H
KV
o2HW?
- gl _ _n” "H
- Va’r[g]’n:o + K(l — 7)27
where the last equality uses O

B.7 Visualization of the three fidelity-cost regimes from

Figure 5|plots 072 (c) and ®(c) = c o7 (c) for the three regimes analyzed in

1.00 ~

S~o —-= 0l 10.0 1 -= oo
<
0.75 1 \\\ — coi(©) 7.5 4 — coi(0)
\\
0.50 4 ‘\\max 5.0 *\\
0.25 s 254\
__________ 2 "
0.00 0.0 ‘ ‘ =T
0 Cmax/2 Cmax 2 4 6 8 10
(o} (o} (o}
(a) Power-law fidelity. (b) Bounded fidelity. (c¢) Irreducible noise floor.

Figure 5: Three examples of how the noise variance 072,(0) depends on the cost ¢, and the correspond-

ing ®(c) = coy(c) from(Corollary 2

B.8 Proof of

Proposition 2 (Finite-horizon REINFORCE under biased rewards). Letb: S x A — R be a reward
bias function, define 7(s,a) := r(s,a) + b(s, a), and define M := (S, A, f,7,~). For trajectories
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sampled by executing g under the true dynamics f, let V., ..., §%) be independent REINFORCE
estimators computed using the biased rewards 7 (s, a;), and define § := % Zi(:l ). Define

By(9):=E Zflzgl vib(st, at)} , where the expectation is over trajectories generated by executing

T under the true dynamics f. Then

E[g] = Vo Ju(mg, M) = gu + Vo B (0). (6)
If Var[gM] < oo, then

1
E[lg — gu*] = 7= Var[g™] + IV Ba (0)|1*. ™

Consequently, when N g B (0) # 0, averaging over more trajectories reduces the variance term but
does not remove the bias as an estimator of g.

Proof. For one trajectory 7 = ((so,a0), - -, (Sg—1,am—1)) sampled by executing 7y under the true
dynamics f, define the biased finite-horizon return from time ¢ onward by

~ H-1
Gt = Z ’7t _tf(8t17at').

t'=t
The single-trajectory estimator using biased rewards is

H-1

g(U = Z Vo log mg(ay | st)ét.
t=0

The estimator §<1> is the finite-horizon REINFORCE estimator for the MDP M, which has the true
dynamics f and the biased reward 7. Therefore the finite-horizon policy-gradient identity gives

]E[g(l)] = VGJH('/TQ,M).

Averaging over K independent trajectories does not change the mean:
K
1 §<k>]

K
k=1
1 K
- B
k=1

= VQJH(TFQ,M).

Elg] =E

By the definitions of 7, Jy, and By,

T

-1

Ju(mg, M) = E Wtf(st,at)]

~+
Il
(=]

I

=E Y (r(se, ai) + b(st, at))l

§ H-1
Z ’Ytb(staat)]

t=0

~
Il

T

=E yir(se,ar)| +E

L=

=Jg 7T97M) + BH(Q).

Taking gradients with respect to 6 gives

o

VQJH('/TQ,M) = VgJH(ﬂg,M) + VQBH(Q)
=gu + VeBu(9).

Combining the preceding displays proves
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Let
po = E[g] — gmr-
y [Equation (6)} yu, = VB (f). We use the identity ||z + y|* = ||z]* + 2(x,y) + [|ly]|* with
x = g — E|g] and y = up. We also use linearity of expectation and the fact that u;, is a fixed vector
once @ is fixed, so E[||us|%] = ||1s]|?. Then

E(llg - gul*] =E[llg - Elg] + Elg] — g *]
=E[llg — E[g] + ]
=E[llg — Eg]lI* +2(g — Elg], o) + llo?]
=E[llg — E[g]lI*] + 2E[g — E[g], p)] + l])*
= Var[g] + || *

because E[(§ — E[g], )] = (E[g] — E[g], up) = 0. Since the estimators gV, ..., 5 are indepen-
dent and identically distributed,

Substituting u, = Vg Bg () gives|Equation (7)} If Vg By (0) # 0, the second term in|[Equation (7)
0

is positive and does not depend on K.

C Experimental details

C.1 Synthetic teacher environment

The environment is a synthetic continuous-control environment whose dynamics and reward function
are defined by frozen, randomly-initialized neural networks. Decoupling the environment from any
particular physics simulator gives exact control over dynamics complexity, reward fidelity, and partial
observability, which enables the controlled scaling experiment of

The teacher consists of two 2-layer ReLU MLPs. The dynamics teacher fqy, : Rés+da 5 R maps
(st,at) to the next state via sy1 = tanh(fayn([s¢, a¢])). The reward teacher frew : Rdstda _y R
produces the scalar reward 7 = frow([S¢, ar])/\/dp, wWhere dj, is the teacher hidden width. All
teacher weights are drawn from A(0, 1) using a fixed seed and never updated, so the same seed yields
the identical MDP. The tanh activation in dynamics constrains the state to [—1, 1]%¢, and the 1/+/d},
reward scaling ensures comparable reward magnitude across teacher widths. Default dimensions:
ds =12, d, = 4, dp, = 64, episode length T" = 500.

C.2 Experiment details: power-law scaling of dynamics and reward error

This appendix collects the protocol and engineering details for the error—sample-size scaling experi-
ment in whose main-text result is summarized in

We use the teacher of which keeps the experiment inside the regime where the as-
sumptions of hold. Training transitions are drawn i.i.d. from the teacher’s induced state
distribution by rolling out a smooth reference policy under the frozen teacher and subsampling
(s,a, s, r) tuples; the released code records the exact rollout and subsampling procedure.

Power-law exponents are fit on the seven anchors N €
{2,000, 5,000, 10,000, 20,000, 50,000, 100,000, 200,000}, each with 100 independent
seeds. A single N = 500,000 run is preserved in the released dataset for future analyses but is
excluded from both the figure and the fit, because only one seed was completed at that anchor.
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For each (N, seed) we train two independent students that mirror the teacher architecture: a dynamics
head f§,, : R%*d« — R% and a reward head f{,, : R% "% — R, each implemented as a 2-layer
ReLU MLP with hidden width d;, = 64 matching the teacher (no output activation, no shared
trunk, no weight tying, no input/target normalization, default PyTorch nn.Linear initialization).
Both heads are optimized independently with Adam at learning rate 10~3 (PyTorch defaults for
b1, B2, €; no weight decay) and a mini-batch size of 256 drawn from the same N-sample training
pool with reshuffling each epoch. Training proceeds for a fixed schedule of 200 epochs with
no learning-rate schedule and no early stopping; the held-out validation MSE is recorded every
epoch but is not used to gate the optimizer, and the reported €4yn(Ndyn) and erew (Nrew) are the
final-epoch validation MSEs of the two heads, computed under torch.no_grad. The training
objective is the per-head mean-squared error, Ly, (0) = ﬁ Z(S,a,s%g\\f&n([s, al) — s'||3 and

Liew(d) = ﬁ > (s.ames(fow([s,a]) — 7)?, evaluated on each mini-batch B. At 200 training

epochs, and for every anchor N > 2,000, the training MSE is fully saturated, so the final-epoch
values used by the fit coincide with the converged held-out loss to within seed noise.

Each anchor evaluates against a fixed held-out set of 5,000 transitions, drawn independently of the
training pool. Holding the validation set size constant across /N keeps the evaluation noise floor
independent of the training pool size, so any N-dependence of the measured MSE reflects student
generalization rather than a changing estimator variance.

Per anchor, we report the across-seed mean MSE in the figure with £1 standard error of the mean
(SEM) error bars; this across-seed SEM is distinct from the bootstrap standard errors reported below
for the fitted parameters. The power laws €dyn (Nayn) = Aq - NV, gy’i and €0y (Nyow) = A, - NG5 are
fit by ordinary log—log linear regression on the per-anchor means, where « is the dynamics exponent
and 3 is the reward exponent reported in[Section 4.1 Uncertainty on (A4, A, a, 3) is obtained by
a stratified bootstrap with 1,000 resamples that draws seeds with replacement within each anchor
before refitting; we report the bootstrap standard error and the 2.5/97.5 percentile interval as the 95%
confidence interval. The resulting bootstrap standard errors are A; + 0.04, o + 0.01, A, +13.3,
and (3 + 0.02, and the 95% bootstrap confidence intervals are A4 € [0.28, 0.42], « € [0.09, 0.13],
A, €168.1, 121],and §8 € [0.93, 0.99].
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