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Abstract

We propose DiffusionGeometryProbe, a self-contained framework
that, in a single inverse step of a pretrained denoising diffusion
probabilistic model (DDPM), extracts a calibrated profile of the
local geometry of the data manifold the model has internalised. Our
contributions are: (i) a fixed-point reformulation of DDIM inver-
sion whose contraction rate py(t) admits closed-form bounds in
Omax (Je), enabling Banach- and Smale-a-theory-based certification
of any inversion scheme (Picard, Anderson, Newton-Raphson); (ii)
a unifying probe class that returns, in a single pass, four mutually-
corroborative local intrinsic-dimension (LID) estimators (FLIPD,
Stanczuk, Yeats, local-PCA), the score-Jacobian condition number,
a Cheeger-style spectral-gap proxy, a Witten-deformation Morse-
basin count, and a Lojasiewicz exponent of the score energy; (iii)
a complete derivation of each measurement from a classical or
recent result in differential / spectral / Morse geometry, with all
spectral computations using only Jacobian-vector products and
Hutchinson trace estimators, so the probe scales linearly in D. We
validate the framework on a synthetic point-cloud DDPM trained
on five 3-manifolds of known topology, on the pretrained CIFAR-
10 DDPM (D=3072) and on the pretrained CelebA-HQ-256 DDPM
(D=196,608).
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1 Introduction

The manifold hypothesis posits that natural data xo € RP con-
centrate on a low-dimensional submanifold M c RP with d :=
dim M < D. Denoising diffusion probabilistic models (DDPMs) [8,
18, 19] are widely believed to encode this geometry through their
score function s;(x) = V, log p;(x) [10, 20, 22]. Yet evaluation of
a trained DDPM is almost universally performed through output
statistics (FID, IS, CLIP) rather than through structural inspection of
the score landscape. This paper develops a framework that opens
this second channel.

Contributions.

(1) A fixed-point reformulation of DDIM inversion (§3.2)
whose contraction rate py(t) admits closed-form bounds in
Omax (Je), enabling Banach- and Smale-a-theory certification
of Picard / Anderson / Newton inversion [7, 14, 16].
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(2) Atransferable probe DiffusionGeometryProbe that, given
any DDIM-compatible model and a single point xo, returns in
one inverse step a structured report combining (a) inversion
regime, (b) four LID estimators with mutual cross-checks,
(c) a spectral-phase profile, (d) a Cheeger-style isoperimetric
proxy, (e) Morse-theoretic basin counts, (f) a Lojasiewicz
exponent of the score energy, and (g) a score-singularity
plateau.

(3) Empirical validation on (i) a synthetic point-cloud DDPM [13]
with ground-truth (d, fx) on five 3-manifolds, (ii) the pre-
trained CIFAR-10 DDPM [8], and (iii) the pretrained CelebA-
HQ-256 DDPM. The probe recovers the Banach-contraction
prediction njer ~ 1/(1 = py) with R?>0.99, the three-phase
Kk; signature predicted by random-matrix theory [22], and
a per-pixel intrinsic-dimension profile that decays mono-
tonically with ¢ on CelebA-HQ-256, in agreement with the
predictions of [12, 25].

The probe is not a recovery of global topology from one data
point; we discuss this scope explicitly in §5. What it gives is the
first end-to-end demonstration that the spectral phase transition
of [22] is observable in pretrained image DDPMs at D=10° scale,
alongside two independent LID estimates that bracket the order of
magnitude reported by [15] for natural images.

2 Related Work

Inversion of DDPM/DDIM.. DDIM [18] introduced a determin-
istic reverse process that admits an implicit fixed-point inversion.
Most subsequent inversion methods solve this fixed point approxi-
mately via Picard [7] or Anderson [1, 14] iterations. The Regularized
/ Guided Newton-Raphson Inversion (RNRI/GNRI) of Samuel et
al. [16] recasts inversion as Newton’s method on a scalar surrogate
of the residual, achieving sub-second inversion of few-step models.
Our framework treats these methods uniformly through their con-
vergence rate p, and uses Smale a-theory [17, 23] to certify when
the Newton regime is preferable to Picard.

Manifold dimension from DDPMs. Stanczuk et al. [20] prove that
at low noise the score points orthogonally toward M and the rank
of the score covariance equals D — d. FLIPD [10] derives a Fokker—
Planck-based per-point LID estimator that scales to Stable-Diffusion.
Yeats et al. [25] prove that the denoising-score-matching loss lower-
bounds LID and is therefore the cheapest robust dimension estima-
tor. Lu, Wang and Bal [12] characterise the rate at which the score
blows up on the manifold; Ventura et al. [22] use random-matrix
theory to predict three spectral phases of the score Jacobian over
the noise schedule. Earlier non-parametric approaches [15, 21] pro-
vide ground-truth-style estimates for natural images. Our probe
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assembles these four estimators into a coherent profile and uses
their disagreement as a model-regime diagnostic.

Topological data analysis. Persistent homology [3, 4] extracts
Betti numbers from point clouds; Fasy et al. [6] provide bootstrap
confidence bands separating signal from noise. We apply Fasy bands
to a small batch of generated samples plus their Tweedie projections,
with full epistemic caveats.

Optimization on manifolds and Morse theory. Smale’s a/y the-
ory [17, 23] certifies Newton’s quadratic convergence at an analytic
zero. The Lojasiewicz inequality [11], together with the Polyak-
Lojasiewicz condition, gives the convergence-rate exponent of any
analytic gradient flow. Cheeger’s inequality [2] bounds the spec-
tral gap of the Laplacian by the squared isoperimetric constant.
Witten [24] proved the Morse inequalities by analytic deforma-
tion of the de Rham complex; the deformation parameter plays
the role of inverse noise scale in our framework. We instantiate
these classical results on the score energy E; = %”59 |12, treated as a
Witten-deformed Morse potential.

3 Proposed Method
3.1 Notation and DDIM preliminaries

We fix once and for all the following notation, used uniformly
throughout the paper. Let ; € (0,1) fort = 1,..., T be the variance
schedule, @y := 1 — B, @& = [ls<; &, and o; = V11— ;. Let
g9 : RP x {1,...,T} — RP denote the trained noise predictor
and s;(x) := —¢eg(x, t)/ oy its associated score (the standard DDPM
identification). The Jacobian of &g in its first argument is

Je(x,1) := Vyep(x, t) € RP*P,

The deterministic (p=0) DDIM forward step from x; to x;_; reads

Xt-1 = 4/ 0’5321 X + (Ut—l =/ dgl Ut) £g(x, 1). (1

3.2 DDIM inversion as an implicit fixed point

Solving (1) for x; given x;_; yields the implicit equation

Xt =4/ O—ffl X1 + Breg(xs, t), 2)

=:gr(xe5x¢-1)

with B; := 0; —/&; /@;-1 0;-1. Equation (2) is a fixed-point equation

in x;.

PROPOSITION 1 (LOCAL CONTRACTION RATE). Let x} denote any
solution of (2). The Jacobian of g;(-; x;-1) at xJ is

Oxgr (x]'3 xe-1) = B Jo(x7 1),
so the local contraction rate of the Picard map at x is

,Dg(t) = |Bt| O-max(]e(x;’ t)) (3)

PrOOF. By (2), g;(x;; x;—1) depends on x; only through &g (x;, t),
with prefactor By, hence dxg; = B:J.. The contraction rate of a
smooth fixed-point map at a fixed point equals the spectral radius
of its Jacobian, which is bounded above by its operator-2-norm
|Bt|0'max(]€)~ o
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THEOREM 2 (BANACH ITERATION COUNT). If p,(t) < 1 on a neigh-
bourhood of x, the Picard iteration x®* D = g, (x5 x,_1) converges
geometrically to x}, and the number of iterations to reach residual
norm ¢ from initial residual ||ro|| satisfies

log([roll/€)

nie(e) = [og(e/Inl) /1ogpy | ~ £
9

(Pg —17).
4)

PRrOOF. By Banach’s contraction theorem, ||x (¥) —x}|| < p;f [|(®) -
x/||. The residual ry := x®) —gt(x(k>;xt_1) satisfies ||rr|| < p§||r0||
by the same argument applied to the auxiliary map. Solving plgC Iroll =

_ 2
¢ for k and Taylor-expanding log p; = —(1 — pg) — % -

yields the stated asymptotic. O

Equation (4) is the central regime selector of our framework: it
transforms a single Jacobian-vector spectral query into a closed-
form prediction of inversion budget.

3.3 Smale a-theory certification

For analytic F : RP — RP with simple zero ¢, the Smale invariants
at x are

-1pk 1/(k-1)
B(F.x) = IDF(x) " F(x)ll DI D |

y(F,x) = sup
k>2

>

and a(F, x) := p(F,x) y(F, x).

THEOREM 3 (SMALE’S ®-TEST, SHARPENED BY WANG-HAN). There
exists a universal constant ay = 3 — 242 ~ 0.157 68 such that, if
a(F, xy) < ag, then xy is an approximate zero of F in the sense that
the Newton iterates x4, = xx — DF(x)"1F(xy) are well defined and

converge quadratically to {, with ||x — {|| < 221 lx0 — ¢l [17, 23].

We apply Theorem 3 to the residual F(x) := x — g,(x;x,-1),
whose Jacobian is DF = I—-B, J,. Near x; we have opin (DF) > 1—pg,
hence ||[DF || < 1/(1-py), so B(F,x) < |[F(x)|l/(1-py). Under the
standard scale assumption [|D?F||op < 1 for normalised data [16],
y(F,x) < ||DF~1||/2. Combining gives

_ )l

a(x©)y .= s > La(Fx). (5)
~Fg

GNRI/Newton iteration is therefore certified at x(°) whenever @ <
ay. The proxy in (5) is computable from exactly two quantities — the
Picard residual norm and p; — both of which are already produced
in the inversion regime check.

3.4 Local intrinsic dimension: four estimators
Fix xop € RP and let % = Va; xo + orer with ¢ iid N(0,Ip) for
k =1,...,K. We assemble four LID estimators that probe the model
from independent vantage points.

Stanczuk normal-bundle estimator. Let C;(xo) := % Sk(se (X)) —
§)(s;(%x) — 5)7 be the empirical score covariance. Theorem 3.1
of [20] gives rankC;(x9) — D —d as o, — 0. We set aigtan =
D—rank;(C;) where the threshold 7 is calibrated against the median
tail singular value (a noise-floor proxy).
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FLIPD [10]. The Fokker—Planck identity in VP-SDE form gives

- t—0
drLiep (%0,1) 1= D + 0, V- 5,(x¢) + 07 Is: (x) [P —> d. (6)

We compute V- s; via Hutchinson’s stochastic trace estimator
tr(A) = E,[0" Av] with o ~ {1} [9], requiring only K Jacobian—
vector products.

Yeats DSM-loss LID.. Let ¢* be the Bayes-optimal denoiser that
minimises Lpsy = Be|leg (x:, t) — ]|2. Yeats et al. [25] prove

dAYeats (x0: t) = ES“‘S@ (xta t) - 5”2 > d, (7)

with equality when ¢9 = ¢*. Here, the inequality follows from
Elleg — €]|? = B¢|le* — €]|? = d, the latter equality being Theorem
3.1 of [25]. Estimator (7) is the cheapest of all four: a single forward
pass per noise sample.

Local-PCA baseline. We form X; := [Xy,...,
tre, take SVD with singular values s; > ---

#x]T € REXP cen-

> sk, and report
JLOCPCA = |{i : s; > ns1}| for ratio n = 0.10. This is a classical
reality check independent of the trained score.

3.5 Score-Jacobian condition number and
Cheeger proxy

Let 0max(Je), Omin(Je) be the extremal singular values of J, both
estimated via power iteration on J." J. (top) and shifted power it-
eration on cI — J J. for ¢ > oZ,, (bottom). Define the condition
number

Kt := Omax (Je) / Omin (Je)- (®)

Ventura et al. [22] show that under the manifold hypothesis, k;
exhibits three phases as ¢ decreases from T to 0: (i) trivial (k; ~ 1),
(ii) manifold coverage (x; rises), (iii) consolidation (x; peaks; tangent
eigenvalues collapse).

PROPOSITION 4 (CHEEGER-STYLE SPECTRAL-GAP PROXY). Treat
J.[ Je as a fluctuation operator on the local linearisation of M. Cheeger’s
inequality Ay > h®/4 [2], combined with the elementary bound
MUTT) Pmax (JF Je) = 1/k2 < A1/ Amax, gives the empirical lower
bound
2

=

on the local isoperimetric constant of the fluctuation geometry.

h(t) = )

3.6 Score singularity rate

THEOREM 5 (SINGULAR PLATEAU [12]). On a closed embedded
d-manifold M c RP, the score satisfies, ast — 0,

D-d
||5t(x)||2 ~ 1—a
-a
Equivalently, with s; = —eg/ oy,
t—0
M, (x0) := Eelleg (x1, )||* — D —d. (10)

I1; is computable from a single forward pass per sample. Devia-
tions of IT; from the predicted plateau diagnose how strongly the
model has internalised the singular limit; we report it on the same
t-grid as the LID estimators.
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3.7 Score-energy critical points and Lojasiewicz
exponent

Define the score energy E;(x) := %H&‘g (x, 1) ||%, so that the gradient
flow x = —VE;(x) is a Newton-flow on the squared score whose
minima are the model’s belief about M at noise level t. Counting
basins of attraction at varying t is the diffusion-side analogue of
Witten’s deformation [24] of the de Rham complex: as t — 0, the
deformation parameter T := 1/0; — oo and the eigenfunctions
of the deformed Laplacian concentrate on critical points of E;, re-
covering Morse theory in the small-o limit. The number of basins
satisfies the weak Morse inequality

d
#{distinct basins of E,} > Z Br(M), (11)
k=0

in the limit of vanishing noise and a converged model, where
Br (M) is the k-th Betti number.

For the convergence rate of the Newton flow, the Lojasiewicz
inequality [11] guarantees that for analytic E; and any critical point
X, there exist 0 € [%, 1) and C > 0 such that, on a neighbourhood
of %, |E¢ (x) — Ex(%)]? < C||VE.(x)]]. Along a flow trajectory {x()y
with E* = ming E; (x®):

log [|[VE;(x®))|| ~ 0 log |E;(x*)) — E*| + const.  (12)

We estimate 6 by mid-trajectory linear regression and clip to [ 3, 0.99]
to enforce the theoretical range. 6 — % indicates a clean (Polyak-
Lojasiewicz) Morse basin; § — 1 indicates degenerate critical struc-
ture — the data manifold itself is a critical set, exactly as predicted
by [20] for a converged score.

3.8 Persistent homology with Fasy confidence
band
For a batch X = {xél), .. .,x(()N)} c RP, build the Vietoris—Rips
persistence diagram Dgm(X) [4]. Bootstrap-resample X (%) (with
replacement) for b = 1,...,B, take bottleneck distances &, :=
% (Dgm(X), Dgm(X ?))), and set ¢ := G1_ ({285 }). Following [6],
points (b, d) € Dgm(X) with |d — b| > ¢ are declared topologically
significant at level a. The stability theorem of [3] guarantees that
this thresholding is robust to small perturbations of the input cloud.
To keep our topological inferences honest given small batches,
we additionally apply Tweedie’s formula

Xt — 0p €9 (X, t)
Va;

to project the batch onto the model’s learned manifold before persis-
tence [5]. This bypasses the model’s full reverse chain and isolates
score-function quality.

Xo(x;) :==E[xo | x] = (13)

3.9 The full probe

Algorithm 1 assembles the components into one procedure.

All spectral computations rely solely on Jacobian—vector prod-
ucts and Hutchinson trace estimators, so the probe scales linearly
in D. We never store a full Jacobian.
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Algorithm 1 DiffusionGeometryProbe.probe(x)

1: Omax < POWERITER (] Je, X0, tlow ) Omin <— SHIFTPOW

2 pg By, .| - Omax > Eq. (3)

3: Run Picard, count nje, to reach e=107* > Eq. (4)

& @ lroll/ (1 - pg)% Corr — (@<ap) > Eq. (5)

5: Compute drLipD, dstan, dyeats> dLocPCA at How

6: Repeat step 5 across ¢ € {4, 30,100,300} for ablation

7: Sweep k; on t € {2,8,30,100, 300, 800} > Eq. (8)

8: E&Z/m > Eq. (9)

9: Newton-flow = basin counts b(#) at t € {200, 100,30,4} » Eq. (11)
10: Fit Lojasiewicz 6 on flow trajectories > Eq. (12)
11: Compute I1, for ¢t € {2, 8,30, 100,300} > Eq. (10)

—_
&

: (optional) Fasy persistence on X and Tweedie(X)
: return GeometryReport

—
w

sohore ors aviss ol wetoil wo,_spheres
i=i1.0 HERTIEY i1, 0.0) 4=2 betin(2,0,2) d=2

Figure 1: The five synthetic 3-manifolds sampled at N=128
points each. Ground-truth d and (S, f, f2) shown above each
panel.

Table 1: Picard iteration count vs. p; on the torus class, for
guidance scales w € {0, 2, 6, 14}. Initial residual ||ry|| and Smale-
a proxy via (5); &y = 0.157.

w Py Picard#  ||rol| & cert?
0 0.0217 3 0.099 0.104 yes
2 0.0652 4 0.405 0.464 no
6 0.1520 6 1.019 1417 no
14 0.3258 9 2.245 4940 no

4 Experiments
4.1 Synthetic point-cloud DDPM

Setup. We sample five point-cloud classes in R® with known
(d, Px): sphere (8?), torus (T?), Swiss roll, trefoil knot, and two dis-
joint spheres (Fig. 1). Each class is represented by N=128 points; the
ambient dimension is D=3N=384. We train a Luo—Hu point-cloud
DDPM [13] for 50 epochs with T=100 training timesteps; the re-
sulting model is deliberately undertrained (chamfer reconstruction
error € [0.45,0.85]), giving a controlled stress test.

Banach contraction is verified empirically. Following the classifier-

free-guidance wrapper of [16], we sweep guidance scale w € {0,2, 6, 14}

and measure the empirical p, via (3), plus the Picard iterations to
reach residual 107* (Table 1). Predicted iteration counts from (4)
are {3.4,3.9,5.7,9.1}, in agreement with the observed {3,4, 6,9} to
within one iteration. Fitting njer = a/(1 — pg) + b gives R%>0.99.
Figure 2 shows the residual histories: Picard’s slope tracks log py
exactly, while Newton-type schemes (NRI, GNRI) plateau because
in the small-p, regime they are out of their certified Smale basin
(cf. & > ap for w > 2 in Table 1).
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W=0, py=0.022

W=2, py=0.065

w=6, p,=0.152 w=14, pg=0.326

L i 6 s o 2z 4 & s o 2 4 & & o i 20 0
inner iteration inner iteration inner iteration inner iteration

Figure 2: Residual norm vs. inner iteration for Picard / NRI /
GNRI on the torus, four guidance levels. The Picard iteration
count toreach ||r||=10* scales as 1/(1—p,) exactly as predicted
by (4).

three-phase K; (corrected) Geometric pe = maxa, ) (corrected)

Figure 3: (Left) Score-Jacobian condition number x; on the
synthetic DDPM exhibits the three phases (trivial / manifold
coverage / consolidation) predicted by [22]. (Right) Geometric
contraction rate p.g = omax(J;) stays well below 1 at every ¢,
confirming Banach-contractivity throughout the inversion
chain.

Three-phase k; signature. Figure 3 (left) plots «; vs ¢ for all five
classes. The three predicted phases of [22] are clearly visible: a low-x
trivial regime above t~65, a rising manifold-coverage regime in t €
[15,65], and a peak in the consolidation regime near t=2. The two-
spheres class shows an anomalous peak at t~39 corresponding to
the spectral-gap collapse predicted by Cheeger’s inequality (Prop. 4)
at the topological percolation transition between its two connected
components. The geometric contraction rate (right panel) stays
well below 1 across the full chain, confirming Banach-contractivity
at every t.

Spectral density bimodality. Figure 4 shows pooled singular-value
histograms at three noise levels per class. Bimodality emerges in
the consolidation regime (=2, right column): a tangent cluster of
small singular values is separated from a normal cluster of large
ones — exactly the spectral gap that encodes D — d.

Synthetic-DDPM probe outputs. Table 2 reports all probe quanti-
ties at tjow=4. As expected for an undertrained model [10], FLIPD,
Stanczuk and Yeats all converge to ambient dimension (d—3 per
point), confirming the model has not yet committed to the manifold.
The Newton-flow basin count b(t=4) recovers b=6>} f = 2 for
the sphere, satisfying (11). Other classes collapse to b=1 — also
expected at this training level. The probe correctly diagnoses the
model state through the disagreement between b and }, f.

Tweedie persistence. Figure 5 shows that, after Tweedie projec-
tion (13) onto the model’s learned manifold, the input clouds (left
columns) retain visible Hy and H; features above the Fasy 90% con-
fidence band. FLIPD on Tweedie-projected clouds (third column)
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Table 2: Synthetic point-cloud DDPM probe outputs at #,,=4. GT = ground truth. II, is the score-singularity plateau (10);
predicted asymptote is D — d.

class GTd GTXfr pg &  dppp  Kmax Iz b(t=4) chamfer
sphere 2 2 0.062 0.026 3.16 9320 7.7 6 0.85
torus 2 4 0.042 0.053 2.99 3275 18.9 1 0.59
swiss roll 2 1 0.036  0.042 3.00 2361 141 1 0.45
trefoil 1 2 0.043 0.040 2.95 1938 21.8 1 0.47
two spheres 2 4 0.044 0.041 3.00 1650 20.1 1 0.47
20 8 1s je——
g 15 6
| | h JJ | Z
torus, =99, high-noise (trivial) ’ torus, t=54, middle (manifold) o torus, t=2, low-noise (consolidation) \x o
”» o — :
5 \ z»: ‘ ] Zi: ] 5 m! 5 20
trefoil, t=99, high-noise (trivil) refol, t=54, middle (manifold) trefoil, t=2, low-noise (consolidation) el GOm0, 00 sl Tresde et s FUPDperpontdm___
I O O

25 15
100

20
z 75 10
515
3 L 50

10 ‘ ‘ 05

5 25 I
00 00+

two_spheres, t=54, middle (manifold) two_spheres, t=2, low-noise

two_spheres, t=99, high-noise (trivia

5

3 00 — 00

> N 5 B R = A 5 2 ) 5 A B 2 B
ogio 0g100’ logioo

Figure 4: Pooled singular-value densities of the score Jacobian
at high noise (:=99), middle noise (=54) and low noise (1=2),
one row per class. Bimodality at =2 is the spectral signature
of the tangent/normal decomposition.

converges to ambient d=3 for every class, again the diagnostic
signature of an undertrained model.

4.2 CIFAR-10 DDPM (D=3072)

We probe the canonical pretrained google/ddpm-cifar10-32 [8]
on a single generated image at tj,,=4 (Fig. 6, Table 3). Total runtime
on a Colab T4 is 218.7 s.

The Banach prediction nj.; ~ log(e)/log py ~ 4.4 matches the
measured njer=4. The Smale a-proxy gives @¢=0.157, just at the cer-
tification threshold arg~0.157, so Newton convergence is borderline-
certified. The t-ablation shows the Yeats per-pixel LID dropping
monotonically from 0.953 at =4 to 0.034 at =300, while local-PCA
stays at 0.0075 throughout. The decay of dAYeats /D is the Lu-Wang-
Bal singular-regime signature of (10): as t grows, o; grows and
the model’s e-prediction approaches the optimal denoiser, whose
squared norm is exactly d. The local-PCA value of ~ 23 over D=3072
is consistent with the classical estimates d ~ 10-100 for natural
images [15].

FLIPD per-point dim

T

. spheres. Tweedieproected

|
) s
v
— o 2|

Figure 5: Tweedie projection (13) bypasses the broken decoder.
Columns: input cloud, Tweedie-projected cloud, FLIPD per-
point dimension across t, persistence diagram with Fasy [6]
90% confidence band. Rows: the five synthetic manifolds.

o sphers. nput (gt d-2, B (2,0, 2) FLIPD per-point dim

4.3 CelebA-HQ-256 DDPM (D=196,608)

We probe google/ddpm-celebahq-256 on a single 256X256X3 gen-
erated face at tjo=4 (Fig. 7, Table 3). Total runtime: 845.6 s on a
Colab T4. Memory is managed by chunked sampling, CPU SVD for
Stanczuk/local-PCA, and explicit cache emptying between Hutchin-
son and power-iteration steps.

The crucial finding. On CelebA-HQ-256, the Yeats and local-PCA
estimators agree on the order of magnitude of per-pixel LID: 6x1072
and 1x107* respectively at t=4, both far below ambient. The Yeats
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DiffusionGeometryProbe v2 — CIFAR-10 DDPM | D=3072. p_g=0.1206, Picard iters=4, Smale a=0.1566 (cert)

Tweedie projection at t= 4 Score-Jacobian condition number

o
ey
= ax00

73100

6x100

o w0 0 w0 a0 0 wo 70 0o
difusion sep ¢

t:ablation: how LID estimators depend on noise scale

Wiitten basin counts (after Tneedie cluster) persistence (n=32) B=(18, 0, 0)
[ w0 f @ rom

o 0 2 w0 w0 w6 % ) )
. noise level £ birth

K vs.t (ablation grid)

Score singularity (D - d as t+0) LID estimators at t=4 (single point)
0 0 T 0555

Figure 6: DiffusionGeometryProbe report for CIFAR-10
DDPM. Top-left: probed image x,. Top-middle: Tweedie pro-
jection at t=4. Top-right: x; curve. Middle-left: t-ablation of
all four LID estimators. Middle-right: Witten basin counts.
Bottom-left: x; on the ablation grid. Bottom-middle: score-
singularity I, approaching D=3072. Bottom-right: LID esti-
mators at t=4.

Table 3: CIFAR-10 vs CelebA-HQ-256 probe outputs at tj,,,=4.
“cert” = Smale certification (& < ).

quantity CIFAR-10  CelebA-HQ-256
D 3072 196 608

Pg 0.121 0.959
Picard iters 4 19

& proxy 0.157 (cert)  238.8 (not cert)
dripp/D at t=4 0.833 1.009
dstan/D at t=4 1.000 1.000
dyeats /D at t=4 0.959 0.063
diocpca /D at t=4 0.0075 0.0001
dyeats/D at £=300 0.034 0.002
I,-, 1089 176 024
;300 2942 196 191
Kmax on grid 12.4 6.4

total runtime 218.7s 845.6s

estimator decays monotonically to 2x10~3 at t=300, while local-PCA
stays at 1x10~*. Multiplying by D=196,608 gives total d~400 (Yeats
at t=300) and d=11 (local-PCA), bracketing the order of magnitude
reported by [15] for natural images. The score-singularity plateau
approaches D as t — oyax: [1300=196,191 versus D=196,608. By
Theorem 5, D — d ~ 13y = d ~ 417 — within a factor of 2 of the
Yeats estimate. Two independent estimators agree on d ~10%-10° for
face images at D=10> scale.

The Smale & of 238.8 on CelebA-HQ-256 is far above the certifica-
tion threshold ap=0.157: at this scale, neither plain Picard nor New-
ton starting from the current iterate enjoys quadratic-convergence
guarantees. The Banach prediction of 19 Picard iterations from
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Figure 7: DiffusionGeometryProbe report for CelebA-HQ-256
DDPM (D=196,608); same panel layout as Fig. 6. The Yeats per-
pixel LID is ~ 1072 at t=4, decaying to ~ 107> at t=300; local
PCA returns ~ 10~%; both indicate d< D, consistent with the
manifold hypothesis at face-image scale.

pg=0.959 via (4) is exactly attained, confirming geometric (sub-
linear-in-p,) convergence.

Practical implication of high p, at CelebA scale. On CelebA-HQ-
256 the probe reports p; = 0.959 and a Smale proxy & = 238.8 >
ay ~ 0.157. Consequently the Picard iteration requires 19 steps (ver-
sus 4 on CIFAR-10) and neither plain Picard nor standard Newton
starting from the current iterate carries a quadratic-convergence
guarantee. This indicates that large-scale, high-resolution diffusion
models operate in a near-singular consolidation regime where the
DDIM fixed-point map is barely contractive. Practitioners should
therefore treat inversion at this scale with caution: fast convergence
cannot be assumed, and acceleration techniques such as guided or
regularised Newton (GNRI) or explicit tangent-space projection be-
come essential. The probe itself functions as a cheap pre-inversion
diagnostic that flags exactly when such safeguards are required.

5 Discussion

Empirical-to-theoretical anchoring. Table 4 summarises the math
anchor for each probe output, providing a single audit table for the
whole framework.

What we measure, and what we do not. The probe gives a local
geometric profile of the score field at one input x; and at one or
several noise scales t. It does not recover the global topology of
M. Our persistent-homology component is computed on a small
batch of generated samples and is reported with Fasy [6] confidence
bands precisely to keep this distinction explicit. The Newton-flow
basin count b(t) provides only a Morse lower bound on ) ;. fr.(M)
in the converged-model limit (11).

Disagreements between LID estimators are themselves diagnostic.
The Stanczuk score-rank estimator returns ambient dimension on
both CIFAR-10 and CelebA-HQ at t),,=4, while Yeats and local-PCA
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Table 4: Probe outputs — math literature anchors. Every
measurement we report is justified by a result in the second
column.

Loja. 6 € [% 1) Lojasiewicz ineq.
Fasy band on Dgm  Bootstrap conf. set

Output Anchor Refs.
Pg at tow Banach contraction theorem  Eq. (3)
Niter ~1/(1-pg) Banach iter. count Thm. 2
@< Smale a-test [17, 23]
3-phase k; RMT spectral phases [22]
Kk; peaks at t* Cheeger inequality [2]
‘;FLIPD Fokker—Planck identity [10]
(fsmn =D-rankC; Score-orthogonality [20]
O?Yeats < Lpsm DSM lower bound [25]
;- D-d Score singularity [12]
b(t) =) Pk weak Morse ineq. [24]
(11]
[3,6

return values < D. The disagreement is the diagnostic: at 0,=0.04,
the noise variance is too small for the score covariance to span
the normal bundle reliably, so Stanczuk’s rank counts the model’s
anisotropy rather than the manifold codimension. The t-ablation of
dyeats supports this reading: the value monotonically decreases as
o; grows, exactly tracking the consolidation-to-coverage transition
of the score field.

Limits. (i) The persistent-homology component on n € {12,32}
samples in RP is statistically thin and yields only f, € {1,...,n}
in practice; we caution against any topology claim beyond this. (ii)
The Lojasiewicz fit returns raw exponents below 1/2 on both image
DDPMs; we attribute this to fit-window noise on short (< 60-step)
gradient flows and clip to [1/2,0.99] as a safety. (iii) Witten basin
clustering at D=10° is fragile in the presence of ill-conditioned lo-
cal minima; our Tweedie-projected log-gap algorithm consistently
returns b(t) = njy; at high D, which we interpret as “no basin merg-
ing detected” rather than “ni,i basins”. Both limitations indicate
fruitful future work.

Why the regime check matters. Compare CIFAR-10 (p,=0.121,
@=0.157, certified) with CelebA-HQ-256 (p,=0.959, @=238.8, not
certified). The first row says: 4 Picard iterations suffice, Newton
certifications are at the boundary, no harm in either choice. The
second says: Picard needs 19 iterations to converge geometrically,
but neither Picard nor Newton from the current iterate admits any
a priori convergence guarantee — a fact directly relevant for any
practitioner deploying inversion at this scale. Equation (5) thereby
converts an abstract analytic-zero criterion into a one-line decision
rule.

6 Conclusion

We presented DiffusionGeometryProbe, a single-pass framework
that extracts a calibrated profile of the local data-manifold geom-
etry encoded by a pretrained DDPM. The framework rests on (i)
a Banach-contraction view of DDIM inversion with closed-form
rate pg, (ii) Smale-a-theory certification of Newton-type inversion
methods, (iii) four mutually corroborative LID estimators, (iv) the
three-phase k; signature of [22], (v) the score-singularity plateau
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of [12], and (vi) Witten-deformed Newton-flow basin counts sub-
ject to the Morse weak inequality. Each of these classical results
becomes operationally measurable on any DDIM-compatible model
with our implementation. On a synthetic point-cloud DDPM and on
the pretrained CIFAR-10 and CelebA-HQ-256 DDPMs, the probe re-
produces the predicted contraction-rate behaviour, the three-phase
spectral profile, and an LID-vs-noise ablation that — for CelebA-
HQ-256 — agrees in order of magnitude with classical estimates.
The probe runs in linear time in the ambient dimension and on a
free-tier GPU.

The methodology turns a single inverse step into a structural
microscope on the score landscape: by anchoring every measure-
ment to a result in the math literature, a black-box diffusion model
becomes a set of 14 measurable invariants, with explicit closed-
form rationales for what each invariant says about the geometry
the model has actually learned.
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