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The proliferation of probabilistic Al has prompted proposals for specialized stochastic computers.
Despite promising efficiency gains, these proposals have failed to gain traction because they rely on
fundamentally limited modeling techniques and exotic, unscalable hardware. In this work, we address
these shortcomings by proposing an all-transistor probabilistic computer that implements powerful
denoising models at the hardware level. A system-level analysis indicates that devices based on our
architecture could achieve performance parity with GPUs on a simple image benchmark using

~10,000 times less energy.

The unprecedented recent investment in large-scale Al systems will soon
put a strain on the world’s energy infrastructure. Every year, U.S. firms are
spending an amount larger than the inflation-adjusted cost of the Apollo
program on Al-focused data centers"”. By 2030, these data centers could
consume around 10% of all of the energy produced in the U.S.".

By no measure is this scaling frivolous: existing Al systems based on
autoregressive large language models (LLMs) are extremely valuable tools*”,
and are being adopted by consumers faster than the internet'. However,
LLMs were architected specifically for GPUs'", hardware originally intended
for graphics, whose suitability for machine learning was discovered acci-
dentally decades later'>".

Had a different style of hardware been popular in the last few decades,
AT algorithms would likely have evolved in a different, and possibly more
energy-efficient, direction. This interplay between algorithm research and
hardware availability is known as the “hardware lottery”'’, and it entrenches
hardware-algorithm pairings that may be far from optimal.

Therefore, prudent planning calls for systematic exploration of other
types of Al systems in search of energy-efficient alternatives. Active efforts
include mixed-signal compute-in-memory accelerators", photonic neural
networks'®, and neuromorphic processors that emulate biological spiking'”"*.

Among these alternatives, probabilistic computing sticks out as an
attractive approach because it can connect directly to Al at the system level
via Energy-Based Models (EBMs). EBMs are a well-established model class
in contemporary deep learning and have been competitive with the state of
the art in tasks like image generation and robotic path planning'**’. Using
probabilistic hardware to accelerate EBMs falls under the broad (and poorly
defined) umbrella of thermodynamic computing’'.

Hardware implementations of EBMs work with special model families
that adhere to physical constraints such as locality, sparsity, and limited
connection density. Thanks to these constraints, probabilistic computers

can utilize specialized stochastic circuitry to efficiently and quickly produce
samples from a Boltzmann distribution”. Depending on the precise kind of
hardware being used, this sampling may occur as part of the natural
dynamics of the device”™’ or may be orchestrated using an algorithm like
Gibbs sampling”>**.

Past attempts at EBM accelerators have suffered from issues at both the
architectural and hardware levels. All previous proposals used EBMs as
monolithic models of data distributions, which is known to be challenging to
scale’’. Additionally, existing devices have relied on exotic components such
as magnetic tunnel junctions as sources of intense thermal noise for
random-number generation (RNG)***>*’. These exotic components have
not yet been tightly integrated with transistors in commercial CMOS pro-
cesses and do not currently constitute a scalable solution.

In this work, we address these issues and propose a commercially viable
probabilistic computing system.

First, we introduce a new machine learning model, the Denoising
Thermodynamic Model (DTM), which can be efficiently mapped to
probabilistic computer hardware via the Denoising Thermodynamic
Computer Architecture (DTCA). DTMs repurpose hardware EBMs as
denoising steps rather than monolithic models of the data distribution,
thereby mitigating the mixing-expressivity tradeoff that plagues monolithic
EBMs. The DTCA tightly integrates DTM:s into probabilistic hardware built
from sparse, locally connected Boltzmann machines.

Then, by combining trained DTMs with a realistic physical model of a
probabilistic computer, we show that a future device could match the per-
formance of GPU-based generative models on binarized Fashion-MNIST
while using ~10,000 times less energy per generated sample. This result is
summarized in Fig. 1, and is based on measurements from a real prob-
abilistic chip featuring an ultra-efficient, all-transistor source of random bits,
along with circuit models and simulations.
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Fig. 1 | Leveraging CMOS probabilistic hardware in ultra-efficient AI systems.
The central result of this article: an all-transistor probabilistic computer running a
denoising thermodynamic model (DTM) could match GPU performance on a
simple modeling benchmark while using about 10,000x less energy. All models are
trained on binarized Fashion-MNIST® and evaluated with Fréchet Inception Dis-
tance (FID)". DTM variants are of increasing depth, chaining 2-8 sequential
Energy-Based Models (EBMs). GPU baselines cover single-step VAE”" and GAN",
plus DDPM* at varying numbers of steps. We also compare DTM to a monolithic
EBM across multiple mixing-time limits. The horizontal axis shows the energy
needed for generating a single new image using the trained model (inference).

Results

The challenge with EBMs

The fundamental problem of machine learning is inferring the probability
distribution that underlies some data”"**. An early approach™ to this was to
use a monolithic EBM (MEBM) to fit a data distribution directly by shaping
a parameterized energy function &:

P(x; 0) o e=6*0), 1)

where x is a random variable representing the data and 8 represents the
parameters of the EBM.

Fitting an MEBM corresponds to assigning low energies to values of x
where data are abundant and high energies to values of x that are far from
data. Real-world data are often clustered into distinct modes™*"', meaning
that an MEBM that fits data well will have a complex, rugged energy
landscape with many deep valleys surrounded by tall mountains. This
complexity is illustrated by the cartoon in Fig. 2a.

Unlike the systems we propose, existing probabilistic computers based
on MEBMs struggle with the multimodality of real-world data, which
hinders their efficiency. Namely, the amount of energy the computer must
expend to draw a sample from the MEBM’s distribution can be tremendous
if its energy landscape is very rough.

Specifically, sampling algorithms that operate in high dimensions
(such as Gibbs sampling”’) are locally informed iterative procedures,
meaning that they sample a landscape by randomly making small move-
ments in the space based on low-dimensional information. When using
such a procedure to sample from Eq. (1), the probability that the iteration
will move up in energy to some state X[k + 1] is exponentially small in the
energy increase compared to the current state X[k], i.e.,

P(X[k + 1] = ¥/ |X[k] = x) o e~ E*)=E), )
For large differences in energy, like those encountered when trying to move

between two valleys separated by a significant barrier, this probability can be
very close to zero. In standard Markov-chain analyses, such barriers lead to
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Fig. 2 | The mixing-expressivity tradeoff. a A cartoon illustrating the
mixing-expressivity tradeoff in EBMs. It shows a projection of an energy landscape
fit to a simple dataset. The “airplane” mode is well separated from the “dog” mode,
with very little data in between. Progressively better fits of the EBM to the data tend to
feature larger energy barriers AE between the modes, making the EBM increasingly
difficult to sample from. b An example of the effect of the mixing-expressivity
tradeoff on model performance as measured using the Fashion-MNIST dataset. The
blue curve in the plot shows the results of experiments on MEBMs with limited
allowed mixing time. Performance and mixing time are strongly correlated. Mixing
times were computed by fitting an exponential function to the large-lag behavior of
the autocorrelation function; see Supplement L. In contrast, a DTM (orange cross)
has higher performance despite substantially lower sampling requirements.

exponentially large expected transition times between modes, which is
reflected in a rapidly growing mixing time.

The mixing-expressivity tradeoff (MET) summarizes this issue with
existing probabilistic computer architectures, reflecting the fact that mod-
eling performance and sampling hardness are coupled for MEBMs. Speci-
fically, as the expressivity (modeling performance) of an MEBM increases,
its mixing time (the amount of computational effort needed to draw inde-
pendent samples from the MEBM’s distribution) becomes progressively
longer, resulting in expensive inference and unstable training™*; see Sup-
plement G for a definition of mixing time.

The empirical effect of the MET on the efficiency of MEBM-based
probabilistic computing systems is illustrated in Fig. 2b. Mixing time
increases very rapidly with performance, inflating the amount of energy
required to sample from the model. The effect of this increased mixing time
is reflected in Fig. 1: despite the MEBM-based solution using the same EBMs
and underlying hardware as the DTM-based solution, its energy con-
sumption is several orders of magnitude larger due to the glacially slow
mixing.
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Denoising thermodynamic models

The MET makes it clear that MEBMs have a flaw that makes them chal-
lenging and energetically costly to scale. However, this flaw is avoidable, and
many types of probabilistic machine learning models have been developed
to solve the distribution modeling problem while circumventing the MET.

Denoising diffusion models were explicitly designed to sidestep the
MET by gradually building complexity through a series of simple, easy-to-
sample probabilistic transformations*. By doing so, they allowed for much
more complex distributions to be expressed given a fixed compute budget
and substantially expanded the capabilities of generative models**™*.

DTMs merge EBMs with diffusion models, offering an alternative path
for probabilistic computing that mitigates the MET. DTMs are a slight
generalization of recent work from deep learning practitioners that has
pushed the frontier of EBM performance® .

Instead of trying to use a single EBM to model the data, DTMs chain
many EBMs to gradually build up to the complexity of the data distribution.
This gradual buildup of complexity allows the landscape of each EBM in the
chain to remain relatively simple (and easy to sample) without limiting the
complexity of the distribution modeled by the chain as a whole; see Fig. 2b.

Denoising models attempt to reverse a process that gradually trans-
forms the data distribution Q(x°) into simple noise. This forward process is
given by the Markov chain

T
Q.. x") = Q) [T Q' 1x ). 3)
t=1

The forward process is typically chosen such that it has a unique stationary
distribution Q(x"), which takes a simple form (e.g., Gaussian or uniform).

Reversal of the forward process is achieved by learning a set of dis-
tributions Pg(x''|x") that approximate the reversal of each conditional in
Eq. (3). In doing so, we learn a map from simple noise to the data dis-
tribution, which can then be used to generate new data.

In traditional diffusion models, the forward process is made to be
sufficiently fine-grained (using a large number of steps T) such that the
conditional distribution of each step in the reverse process takes some
simple form (such as Gaussian or categorical). This simple distribution
is parameterized by a neural network, which is then trained to minimize
the Kullback-Leibler (KL) divergence between the joint distributions Q
and Py,

‘CDN(G) = D(Q(x07 s axT) ” PB(x07 s axT))v (4)

where the joint distribution of the model is the product of the learned
conditionals:

T
Py(x’,....x") = Q") [T Pyl ). ®)
t=1

See Supplement B.2 for more details.

EBM-based denoising models approach the problem from a different
angle”. In many cases, it is straightforward to re-cast the forward process in
an exponential form,

Q' |Ix'™ 1) 678:71("’71"’"), (6)

where 5{71 is the energy function associated with the forward process step
that adds noise to x'~'. We then use an EBM with a particular energy
function to model the conditional, i.e.,

f — 0 (i
Pyt ox = E L) @)

In this parameterization, the dependence on x' enters entirely through
the forward energy c‘,’fr_l(xt‘1 ,x"), which constrains x" to stay close to
the noisy input x', while £% | shapes the local structure of the dis-
tribution over x".

Equation (7) allows for a compromise between the number of steps in
the approximation to the reverse process and the difficulty of sampling at
each step. As the number of steps in the forward process is increased, the
effect of each noising step becomes smaller, meaning that Sft_l more tightly
binds x' to x' . This binding can simplify the distribution given in Eq. (7) by
imposing an energy penalty that prevents it from being strongly multi-
modal; see Supplement B.4 for further discussion.

As illustrated in Fig. 2a, models of the form given in Eq. (7) reshape
simple noise into an approximation of the data distribution. Increasing T
while holding the EBM architecture constant simultaneously increases the
expressive power of the chain and makes each step easier to sample from,
entirely bypassing the MET.

To maximally leverage probabilistic hardware for EBM sampling,
DTMs generalize Eq. (7) by introducing latent variables {z'}:

t—1 .t (& (T A+E (kL -19
Py(x |x)o<Ze (E TIaDHEL (THZ00) ®)

-1

Introducing latent variables allows the size and complexity of the prob-
abilistic model to be increased independently of the data dimension. In this
generalized form, 8{71 still enforces proximity between x' ' and x', while
&9 | uses the latent variables 2! to enrich the local conditional structure
without directly depending on x".

A convenient property of DTMs is that if the approximation to the
reverse-process conditional is exact (Pg(x' ') — Q(x''|x")), one also learns
the marginal distribution at ¢ — 1,

t—1 —E9 (x 1 20)
Qlx'™) x Z e . )

2t—1

See Supplement B.6 and ref. 49 for further details and discussion of this
property. Note that it relies on the normalizing constant associated with the
distribution in Eq. (6) being independent of x".

Denoising thermodynamic computers

The Denoising Thermodynamic Computer Architecture (DTCA) tightly
integrates DTMs into probabilistic hardware, allowing for the highly effi-
cient implementation of EBM-aided diffusion models.

Practical implementations of the DTCA utilize natural-to-implement
EBMs that exhibit sparse and local connectivity, as is typical in the
literature™. This constraint allows sampling of the EBM to be performed by
massively parallel arrays of primitive circuitry that implement Gibbs sam-
pling. Refer to Supplements C, D for further theoretical discussion of the
hardware architecture.

A key feature of the DTCA is that 8{71 can be implemented efficiently
using our constrained EBMs. Specifically, for both continuous and discrete
diffusion, S{_l can be implemented using a single pairwise interaction
between corresponding variables in x* and x'; see Supplements B.1, D.1 for
details. This structure can be reflected in how the chip is laid out to
implement these interactions without violating locality constraints.

Critically, Eq. (8) places no constraints on the form of 5?7 1 Therefore,
we are free to use EBMs that our hardware implements especially efficiently.
At the lowest level, this corresponds to high-dimensional, regularly struc-
tured latent-variable EBMs. If more powerful models are desired, these
hardware latent-variable EBMs can be arbitrarily scaled by combining them
into software-defined graphical models.

The modular nature of DTMs enables various hardware imple-
mentations. For example, each EBM in the chain can be implemented using
distinct physical circuitry on the same chip, as shown in Fig. 2b. Alter-
natively, the various EBMs may be split across several communicating chips
or implemented by the same hardware, reprogrammed with distinct sets of
weights at different times. For any given EBM in the chain, both the data
variables x, X' and the latent variables ' are physically embodied in
sampling circuits that are connected in a simple way that reflects the
structure of Eq. (7). This variable structure is shown schematically in Fig. 2c.
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To understand the performance of a future hardware device, we
developed a GPU simulator of the DTCA and used it to train a DTM on the
Fashion-MNIST dataset. We measure the performance of the DTM using
FID and utilize a physical model to estimate the energy required to generate
new images (see Methods). These numbers can be compared to conven-
tional algorithm/hardware pairings, such as a VAE running on a GPU; these
results are shown in Fig. 1.

The DTM that produced the results shown in Fig. 1 used Boltzmann
machine EBMs. Boltzmann machines, also known as Ising models in
physics, use binary random variables and are the simplest type of discrete-
variable EBM.

Boltzmann machines are hardware efficient because the Gibbs sam-
pling update rule required to sample from them is simple. Boltzmann
machines implement energy functions of the form

Ex) = —p (Z X+ Y hx> ,

i i=1

(10)

where each x; € { — 1, 1}. The Gibbs sampling update rule for sampling from
the corresponding EBM is

PX[k+ 1] = +1|X[k] = x) = 0<2ﬁ <Z],~jxj + h,.>>, (11)

J#i

where o is the sigmoid function. This can be evaluated simply using an
appropriately biased source of random bits.

Implementing our proposed hardware architecture using Boltzmann
machines is particularly simple. A device will consist of nodes connected
into a regular grid. Each node represents a single Bernoulli random variable
x;, implemented as a transistor-based sampling circuit (later referred to as
RNG). The bias of a sampling circuit (the probability that it produces 1 as
opposed to —1) is constrained to be a sigmoidal function of an input voltage,
allowing its update probability to be conditioned by the values of its
neighbors as given in Eq. (11). This can be implemented using a simple
circuit that adds currents such as a resistor network (see Fig. 2d and it’s
caption for further details).

Specifically, the EBMs employed in this work were sparse, deep
Boltzmann machines comprising L x L grids of binary variables, where L =
70 was used in most cases. Each variable was connected to several (in most
cases, 12) of its neighbors following a simple pattern. At random, some of the
variables were selected to represent the data x,_;, and the rest were assigned
to the latent variables z;_,. Then, an extra node was connected to each data
node to implement the coupling to x;. See Supplement D for further details
on the Boltzmann machine architecture.

Due to our chosen connectivity patterns, our Boltzmann machines are
bipartite (two-colorable), meaning that nodes can be separated into two
blocks, such that no two nodes within the same block are connected to each
other. Since each color block can be sampled in parallel, a single iteration of
Gibbs sampling corresponds to first sampling one color block conditioned
on the other and then swapping their roles. Therefore, the total duration of
one full Gibbs iteration (so updating all nodes) takes roughly 27, in wall-
clock time, where 1y is the decorrelation time of an individual RNG, that is
the time it takes for a sampling circuit inside a single node of the Boltzmann
machine to equilibrate. It should be noted that 7, is set by the intrinsic
stochastic dynamics of the subthreshold circuit and its operating point. It is
not a freely tunable algorithmic parameter, but can only be modified
indirectly through circuit redesign.

Starting from some random initialization, this block-sampling proce-
dure can be repeated for K iterations (where K is longer than the mixing time
of the sampler, typically K = 1000) to draw samples from Eq. (7) for each step
in the approximation to the reverse process. Fora DTM running ona DTCA
chip, the total time required to draw a single sample is therefore propor-
tional to TK 7y, where T'is the number of denoising steps (i.e., EBMs that the

DTM is comprised of). It is important to distinguish 7, from K. The
former is an entirely hardware-related parameter, while the latter is the
number of Gibbs iterations that the abstract Boltzmann machine (irre-
spective of hardware implementation) needs to approximately converge to
its equilibrium distribution.

To enable a near-term, large-scale realization of the DTCA, we lever-
aged the shot-noise dynamics of subthreshold transistors™ to build an RNG
that is fast, energy-efficient, and small. Our all-transistor RNG is pro-
grammable and has the desired sigmoidal response to a control voltage, as
shown by experimental measurements in Fig. 3a. The stochastic voltage
signal output from the RNG has an approximately exponential auto-
correlation function that decays in ~100 ns, as illustrated in Fig. 3b. As
shown in ref. 53, this time constant is much larger than the lower limit
imposed by the correlation time of the noise in our transistors. The RNG
could, therefore, be made much faster via an improved design. Supplement
K provides further details about our RNG.

In practice, semiconductor manufacturing is never perfectly precise.
Each fabrication step introduces small deviations in transistor character-
istics, producing global shifts across wafers as well as random differences
between neighboring devices on the same chip. Because these variations can
change how fast or efficiently a circuit operates, it is important to verify that
our approach remains reliable under realistic fabrication conditions. A
practical advantage of our all-transistor RNG is that detailed and proven
foundry-provided models can be used to study the effect of manufacturing
variations on our circuit design. In Fig. 3¢, we use this process development
kit (PDK) to study the speed and energy consumption of our RNG as a
function of both systematic inter-wafer skews to the transistor parameters
(process corners) and the expected variation within a single chip. We find
that the RN'G works reliably despite these non-idealities, meaning it can be
readily scaled to the massive grids required by the DTCA.

Training DTMs

A well-trained denoising model generates new examples that resemble the
training data by incrementally pulling them out of noise; the outputs of an
8-step denoising model trained on the Fashion-MNIST dataset are shown in
Fig. 4 (a). At the final time T, the images are random bits. Structure begins to
emerge as the chain progresses, ultimately resulting in clean images at time ¢
=0.

DTMs alleviate the training instability that is fundamental to MEBMs.
The parameters of MEBMs are usually initialized using a strategy that results
in an easy-to-sample-from energy landscape™. For this reason, in the early
stages of training, sampling is efficient and gradient estimates are unbiased.
However, as these gradients are followed, the MEBM is reshaped according
to the data distribution and begins to become complex and multimodal.
This induced multimodality greatly increases the sampling complexity of
the distribution, causing samples to deviate from equilibrium. Gradients
computed using non-equilibrium samples do not necessarily point in a
meaningful direction, which can halt or, in some cases, even reverse the
training process.

This instability in MEBMs leads to unpredictable training dynamics
that can be sensitive to implementation details. An example of the training
dynamics for several different types of models is shown in Fig. 4b. The top
plot displays the quality of images generated during training, while the
bottom plot shows a measure of the sampler’s mixing. Image quality is
measured using the FID metric, and mixing quality is measured using
normalized autocorrelation r,,, (see Supplement G). The lower plot in Fig. 4b
shows the autocorrelation at a delay equal to the total number of sampling
iterations used to estimate the gradients during training. Generally, if r,,, is
close to 1, gradients were estimated using far-from-equilibrium samples and
were likely of low quality. If it is close to zero, the samples should be close to
equilibrium and produce high-quality gradient estimates. See Supplement G
for further discussion.

The destabilizing effect of non-equilibrium sampling is apparent from
the blue curves in Fig. 4b. At the beginning of training, both quality and r,,,
increase, indicating that the multimodality of the data is being imprinted on
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Fig. 3 | The denoising thermodynamic computer architecture. a Traditional dif-
fusion models have simple conditionals and must take small steps when approx-
imating the reverse process. Since EBMs can express more complex distributions,
DTMs can take potentially much larger steps. b A sketch of how a chip based on the
DTCA chains hardware EBMs to approximate the reverse process. Each EBM is
implemented by distinct circuitry, parts of which are dedicated to receiving the
inputs and conditionally sampling the outputs and latents. ¢ An abstract diagram of a
hardware EBM. The state variables x' and x'"' map onto distinct physical degrees of
freedom represented by the blue and green nodes, respectively. The coupling
between these two sets of nodes implements the forward process energy function
E{ (x'~1, x"). The set of orange nodes represents a set of latent variables z* . The
couplings between these nodes and to the x' nodes implements £7 | (z!=1, x'~1).
d A mixed-signal cell that implements the Boltzmann machine update given by
Eq. (11). The current states of the neighboring cells of node i (x,)[k]) are received
as voltages over wires and are used to compute a bias voltage using a tunable resistor
network (see Supplement E.1). This bias voltage sigmoidally tunes the output dis-
tribution of an RNG (see Fig. 3). After waiting out the RNG's correlation time, a clock
signal enables a d-latch that memorizes the RNG's current output voltage, producing
xi[k + 1]. A driver amplifier is then used to broadcast this updated state out to the
neighboring cells so they may be updated in the same way.

the model. As training progresses and the energy landscape becomes more
rugged, r,,, becomes so large that the quality of the gradient starts to decline,
resulting in a plateau and, ultimately, a degradation of the model’s quality.

Denoising alone significantly stabilizes training. Because the trans-
formation carried out by each layer is simpler, the distribution that the
model must learn is less complex and, therefore, easier to sample from. The
orange curve in Fig. 4b shows the training dynamics for a typical denoising
model. The autocorrelation and performance remain good for much longer
than the MEBM.

As training progresses, the DTM eventually becomes unstable, which
can be attributed to the development of a complex energy landscape among
the latent variables. To combat this, we employed an Adaptive Correlation
Penalty (ACP) training procedure. This method penalizes models that mix
poorly and dynamically adjusts the penalty strength to ensure sampling
remains tractable for each layer. The green curves in Fig. 4b show an
example of training dynamics under this closed-loop control policy. Model
quality increases monotonically, and the autocorrelation stays small
throughout training. This closed-loop control of the correlation penalty was
employed during the training of most models used to produce the results in
this article, including those shown in Fig. 1. See the Methods section for the
mathematical formulation of the ACP.

Generally, the performance of DTMs improves as their size increases.
As shown in Fig. 1, increasing the depth of the DTM from 2 to 8 substantially
improves the quality of generated images. As shown in Fig. 4c, increasing the
width, degree, and allowed mixing time of the EBMs in the chain also
generally improves performance.

However, some subtleties prevent this specific EBM topology from
being scaled indefinitely. The top plot in Fig. 4c shows that scaling the
number of latent variables (with fixed allowed mixing time) only improves
performance if the connectivity of the graph is also scaled; otherwise, per-
formance can decrease. This dependence makes sense, as increasing the
number of latent variables in this way increases the depth of the Boltzmann
machine, which is known to make sampling more difficult. Beyond a certain
point, increasing the model’s ability to express complex energy landscapes
may render it unable to learn, given the allowed mixing time of K = 1000.
This same effect is shown in the bottom plot of Fig. 4c, which demonstrates
that larger values of K are required to support wider models while holding
connectivity constant. Further study of how performance scales with sam-
pling time K and the number of denoising steps T is provided in Supple-
ment M.

In general, it would be naive to expect that a hardware-efficient EBM
topology can be scaled in isolation to model arbitrarily complex datasets.
There is no good reason why a connectivity pattern that is convenient from a
wire-routing perspective would also be well suited to represent the corre-
lation structure of a complex real-world dataset.

Hybrid thermodynamic-deterministic machine learning

The core doctrine of modern machine learning is the relentless scaling of
models as a means of solving ever-harder problems. Models that utilize
probabilistic computers may be similarly scaled to enhance their capabilities
beyond the relatively simple dataset considered in this work so far.

However, we hypothesize that the correct way to scale probabilistic
machine learning hardware systems is not in isolation but rather as a
component in a larger hybrid thermodynamic-deterministic machine
learning (HTDML) system. Such a hybrid system integrates probabil-
istic hardware with more traditional machine learning accelerators.
This hybrid approach is particularly important for moving beyond
binarized grayscale datasets such as Fashion-MNIST toward richer,
higher-dimensional data.

A hybrid approach is sensible because there is no a priori reason to
believe that a probabilistic computer should handle every part of a machine
learning problem, and sometimes a deterministic processor is likely a better
tool for the job.
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Fig. 4| A programmable source of random bits. a A laboratory measurement of the
operating characteristic of our RNG. The probability of the output voltage signal
being in the high state (x = 1) can be programmed by varying an input voltage. The
relationship between P(x = 1) and the input voltage is well-approximated by a
sigmoid function. The inset shows the output voltage signal as a function of time for
different input voltages. b The autocorrelation function of the RNG at the unbiased
point (P(x = 1) = 0.5). The decay is approximately exponential with the rate 7, =
100 ns. ¢ Estimating the effect of manufacturing variation on RNG performance.

Each point in the plot represents the results of a simulation of an RNG circuit with
transistor parameters sampled according to a procedure defined by the manu-
facturer’s PDK. Each color represents a different process corner, each for which ~200
realizations of the RNG were simulated. The “typical” corner represents a balanced
case, whereas the other two are asymmetric corners where the two types of tran-
sistors (NMOS and PMOS) are skewed in opposite directions. The slow NMOS and
fast PMOS case is worst performing for us due to an asymmetry in our design.

Fig. 5 | Detailed results on the Fashion-MNIST dataset. a Images generated by a
denoising model. Here, to achieve better-looking images, several binary variables
were combined to represent a single grayscale pixel. The noisiness of the grayscale
levels is an artifact of our embedding method; see Supplement I. b An experiment
showing how DTMs are more stable to train than MEBMs. Complementing DTMs
with the ACP completely stabilizes training. For the DTMs, the maximum r,,[K]
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value over all the layers is shown. ¢ The effect of scaling EBM complexity on DTM
performance. The grid size L was modified to change the number of latent variables
compared to the (fixed) number of data variables. Generally, EBM layers with more
connectivity and longer allowed mixing times can utilize more latent variables and,
therefore, achieve higher performance.

The goal of HTDML is to design practical machine learning systems
that minimize the energy used to achieve desired modeling fidelity on a
particular task. This efficiency will be achieved through a cross-disciplinary
effort that eschews the software/hardware abstraction barrier to design
computers that respect physical constraints and leverage each type of
hardware where it is most effective.

For example, more rigorous methods of embedding data into hardware
EBMs will need to be developed to go beyond the relatively simple datasets
considered here. Indeed, binarization is not viable in general, and embed-
ding into richer types of variables (such as categorical) at the probabilistic
hardware level is not particularly efficient or principled. Instead, one may try
a hybrid (HTDML) approach where a small neural network (the determi-
nistic part) learns to embed the data into a binary latent space and a DTM
(the thermodynamic part) can then be trained inside this binary space. A
similar approach has been very beneficial in the context of diffusion
models™, to the point that now many state-of-the-art diffusion models
operate in the latent space of a pre-trained VAE.

We show the results of a quick initial attempt at such hybrid models in
Fig. 5. Here, we train a small neural network to embed the CIFAR-10
dataset™ into a binary DTM. The embedding network was trained using an

autoencoder loss to binarize the data, which was then used to train a DTM.
The decoder of the embedding network was then trained further using a
GAN objective to increase the quality of the generated images. This training
procedure is described in further detail in Supplement J. Example CIFAR-10
images generated by our model can be found in Supplement N.

Despite the overhead of the embedding neural network, this pri-
mitive hybrid model is efficient. As shown in the figure, to achieve
equivalent performance with a purely NN-based GAN, the deterministic
part of that GAN would need to have roughly ten times more parameters
than the deterministic part of our hybrid model. Informally, one might
say that therefore the DTM holds about 90% of the expressivity of our
model while the neural network accounts for only about 10% of the
parameters.

We should again stress that this is just a naive first attempt at a hybrid
model, and we believe that further research into hybrid thermodynamic-
deterministic models can lead to even more significant efficiency gains and
scale this approach to larger tasks. For example, one major flaw of the
embedding procedure employed in Fig. 6 is that the autoencoder and DTM
are not jointly trained, which means that the embedding learned by the
autoencoder may not be well-suited to the way information can flow in the
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Fig. 6 | Embedding data into a DTM using a neural network. Here, we show the
results of using a simple embedding model in combination with a DTM. The DTM is
trained to generate CIFAR-10 images and achieves performance parity with a tra-
ditional GAN using a ~10x smaller deterministic neural network in terms of
parameter count.

DTM, given its limited connectivity. Finding a good way to jointly train
them seems like a promising future research direction.

Discussion

The broad analysis presented in this manuscript, which spans from high-
level algorithmic ideas to laboratory measurements of novel analog circuits,
establishes, for the first time, that a probabilistic computing system could
substantially outperform traditional AI hardware. Taken as a whole, this
work presents a compelling case for significant investment in the continued
development of low-energy probabilistic computing systems.

However, the presented system should be interpreted as a first step
towards a new type of Al system, rather than a finished and polished product
in itself. While our benchmark results show a several orders-of-magnitude
improvement in efficiency on a small problem, they also highlight several
issues with our approach that must be addressed to scale it further. More-
over, our analysis is approximate and omits many practically important
details that will require further refinement of our hardware and algorithms
in the future.

While the data shown in Figs. 1 and 5 cleanly illustrates the potential
efficiency advantage of probabilistic hardware at a given level of perfor-
mance, it also unambiguously shows that our proposed system is very far
from the state-of-the-art in terms of raw modeling power. Cutting-edge
neural-network-based architectures are able to achieve substantially lower
FID scores than our probabilistic model (at the expense of drastically more
energy use) on the Fashion MNIST and CIFAR-10 benchmarks™”.
Moreover, the datasets considered in this paper are far less challenging than
those that are used to evaluate cutting-edge LLM systems.

This elucidates a critical gap in our research that should be the
primary focus of future study: unlike traditional neural networks, we
don’t yet know how to build progressively larger probabilistic AI systems
capable of representing arbitrarily complex data. A concrete example of
this is shown in Fig. 4: simply scaling the size or connectivity of a
hardware EBM used in a DTM does not improve performance beyond a
certain threshold.

Solving this capabilities-scaling issue will involve both figuring out how
to most efficiently leverage probabilistic hardware and how to best combine
probabilistic hardware with traditional neural networks (as in the HTDML
paradigm discussed in the previous section).

The space of possibilities for effectively scaling probabilistic computers
is almost entirely unexplored, and significant performance gains are likely
being left on the table. This work (and also related prior art™) only con-
sidered simple EBM architectures that fit naively into the hardware (sparse,
local, regular connectivity), which could severely limit the class of dis-
tributions that the hardware can represent efficiently. Future work could
examine architectures that fuse multiple EBMs to implement each step in

the reverse process, for example, using software-defined graphical models
that enable non-local information routing.

It's important to stress that the results presented in this paper were
based on a moderately complex physical model of the computing system
and leave out several effects that may hinder the efficiency and efficacy of a
real probabilistic computer. Indeed, there are so many such effects that it
would be nearly impossible to consider them all in a theoretical study; the
most effective way to prove that this concept works in real life is to
demonstrate it on a real chip.

The most critical and risky part of our proposal is the all-transistor
RNG, which is why we grounded its contribution to the modeling in real
laboratory measurements and detailed simulations that leveraged the chip
manufacturer’s PDK. Figure 3¢ shows that the speed and energy con-
sumption of our RNG is robust to the extreme process variation that is
typical in subthreshold circuits, and Fig. 3a shows that the measured bias
curve of a real RNG is sigmoidal (within error bars) despite all of the non-
idealities associated with a real circuit.

However, there are many other effects that we ignored. For example,
a real transistor implementation of the biasing circuit shown in Fig. 2d
will not be completely linear, which will lead to deviations in the con-
ditional update away from Eq. (11). Additionally, all real circuits
experience drift*, which can degrade the performance of an initially well-
calibrated and accurate analog computer over time. Moreover,even
though the bias curve shown in Fig. 3a is almost sigmoidal, it is of course
not exact, and could deviate further from ideal in the case of more
extreme process variation.

Compensating for the myriad complications associated with real cir-
cuits constitutes the main challenge that we face in moving from this pro-
posal to building a real chip that implements the DTCA. Interestingly, our
preliminary results indicate that the effects of many of these non-idealities
are less than the error introduced by quantizing the model weights (e.g., at
5-8 bits of precision). This suggests that the DCTA strikes a good balance
between analog and digital computation™, keeping the analog part local and
simple and relying on robust digital signaling for longer-range commu-
nication. Only time (and further engineering work) will tell how far these
complications will degrade the performance of a real system away from the
idealized one studied in this manuscript.

The experiments presented in this paper were done using simulations
of thermodynamic hardware, running on a traditional computer, which
substantially limited the maximum size of the thermodynamic model we
could represent. Specifically, the largest DTM shown in Fig. 1 uses only
around 50,000 nodes in total, which is much smaller than what we expect the
capacity of early DTCA chips will be. In fact, based on the size of our RNG, it
can be estimated that ~10° sampling cells could be fit into a 6 x 6 um chip
(see Supplement K). Furthermore, measurements of our RNG suggest that
early DTCA chips will be about two to three orders of magnitude faster than
the simulations used in this article.

Realizing large-scale probabilistic computers using advanced transistor
processes”” ™ will substantially speed up future research into other ther-
modynamic algorithms.

Methods

Energy estimation model

The energy estimates given in Fig. 1 for the probabilistic computer were
constructed using a physical model of an all-transistor Boltzmann machine

Gibbs sampler. The dominant contributions to this model are captured by
the formula

E = TK , L*E.y; (12)

Kmix is the number of sampling iterations required to satisfactorily mix the
chain for inference, which is generally less than the number of iterations
used during training. K, = 250 was used for the DTM (see Supplement
E.4), while the mixing time measured in Fig. 2 was used for the MEBM.
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E.a1 = 2f] models the energy consumed by the sampling cell shown in
Fig. 2d per conditional update,

Ece]l = Emg + Ebias + Ecomm + Eclock7 (13)
Emg models the energy consumption of the RNG, and is taken from the data
shown in Fig. 3c. E;,s takes into account the energy consumption of the
biasing circuit, which depends on the exact configuration of the resistances
and input voltages but has a simple conservative bound, see Supplement E.1.
Ecomm models the cost of communicating the state of a cell to all of it’s
neighbors which is dominated by the energy required to charge up the
parasitic capacitance associated with long wires, see Supplement E.2. Eqjocic
models the cost of sending a clock signal to every cell in the chip.

An efficient chip design will tend to balance each of the terms in Eq.
(13) such that one does not strongly dominate over any of the others. This is
possible for the sparse, locally connected Boltzmann machines considered in
this work; see Supplement E.4 for a breakdown of how the energy is dis-
tributed among the terms. Designs with more or longer-range connections
between each cell and its neighbors will have energy consumption that is
increasingly dominated by E.mm. For our chosen connectivity patterns,
Ecomm accounts for about half of the energy budget.

Equation (13) is a high-level approximate model of the energy con-
sumption of a real chip, but should be reasonably accurate for inference-
dominated workloads, see Supplement E.5 for a longer discussion on its
limitations.

Broadly, the most important contribution ignored by Eq. (13) is
communication between the probabilistic chip and external hardware. The
dominant considerations here are the flashing of the model’s weights to the
probabilistic chip and the transfer of samples from the model back to a host
computer. In an inference scenario, the weights are flashed once, and then
many samples are taken from the model; the energy consumption of the
flash will be relatively small as long as sufficiently many samples are taken
with a given set of weights. Similarly, since many internal sampling itera-
tions are completed per sample that is seen by external hardware, the relative
cost of data transfer off of the chip can be very small. The fact that the cost of
external communication can be asymptotically driven to zero by increasing
the complexity of the program run on the probabilistic chip is a nice
property that makes a general case for hardware sampling accelerators.

We use a simple model for GPU energy consumption that under-
estimates the actual values. We compute the total number of floating-point
operations (FLOPs) required to generate a sample from the trained model
and divide it by the manufacturer’s FLOP/joule specification. See Supple-
ment F for further discussion.

Gradient estimation

The EBMs used in the experiments presented in Fig. 1 were trained by
applying the standard Monte Carlo estimator for the gradients of EBMs® to
Eq. (4), which yields

T
VG‘CDN(G) - t—zl EQ(xffl‘Xt)[EPH(thl‘xrfl'xr) [vegln—l]

_Eps(xr—l 2 1) [VQS?LI] ]

(14)

Notably, each term in the sum over ¢ can be computed independently. To
estimate either term in Eq. (14), first, sample tuples (x,_;, x,) from the
forward process Q(x;_1, x;). Then, for each of these tuples, clamp the reverse
process EBM to the sampled values appropriately and use a time average
over K iterations of Gibbs sampling to estimate the inner expectation value.
Averaging the result over the tuples yields the desired gradient estimate.

It should be noted that the DTCA allows our EBMs to have finite and
short mixing times, which enables sufficient sampling iterations to be used
to achieve nearly unbiased estimates of the gradient. Unbiased gradient
estimates are not possible for MEBMs in most cases due to their long mixing
times™.

Adaptive correlation penalty
We add a term to the loss function that nudges the optimization towards a
distribution that is easy to sample from, i.e.,

M
D (H Py(sH[xt) || Py(s' ! |xf)>] 7 (15)

TC
L7 = Eou

wheres'™' = (x'",2") and x!~! indicates the i of the M variables in x'".

This term penalizes the distance between the learned conditional dis-
tribution and a factorized distribution with identical marginals and is a
form of total correlation penalty™. See Supplements H.2 and M for
further discussion of this penalty and its relationship to mixing time and
sampling effort.

The total loss function is the sum of Eq. (4) and this total correlation

penalty:

T
L=Lpy+Y AL

t=1

(16)

The parameters A, control the relative strength of the total correlation
penalty for each step in the reverse process.

We use an Adaptive Correlation Penalty (ACP) to set the A, as large as
necessary to keep sampling tractable for each layer. During training, we
periodically measure the autocorrelations of each learned conditional at a
delay equal to the number of sampling iterations used during gradient
estimation. If the autocorrelation for the j* layer is close to zero, A; is
decreased, and vice versa.

Circuit measurements

The measurements presented in Fig. 3 were taken using an integrated
circuit chip dedicated to the purpose of testing probabilistic circuits.
The chip used for this paper was another instance of the same design
that we used for the experiments in ref. 53. Note that the purpose of
this chip was the scientific study of individual circuits, and it does not
itself implement an ising machine or any other computational
architecture.

Simulations

To address the current unavailability of probabilistic hardware, we have
open-sourced a software library” that enables XLA-accelerated” simulation
of hardware EBMs. This library is written in JAX® and automates the
complex slicing operations that enable hardware EBM sampling. We also
provide additional code that wraps this library to implement the specific
experiments presented in this article github.com/pschilliOrange/dtm-
replication. By making these tools available, we aim to lower the barrier
for others to explore alternative thermodynamic algorithms, hardware
topologies, and hybrid architectures, and to stress-test and refine the DTCA
design in a broader range of applications.

Data availability
The data used to train the models in this study are the Fashion-MNIST
dataset” and the CIFAR-10 dataset®, both of which are publicly available.

Code availability

The code which reproduces our results and data is available at github.com/
pschilliOrange/dtm-replication. The underlying simulation library is
available at ref. 66.
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